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In superconducting quantum interference devices (SQUIDs), the superconducting diode e�ect may
be generated by interference of multiple harmonic components in the current-phase relationships
(CPRs) of di�erent branches forming SQUID loops. Through the inclusion of two gate-tunable
Josephson junctions in series in each interference branch of a double-loop SQUID, we demonstrate
independent control over both the harmonic content and the amplitude of three interfering CPRs,
facilitating signi�cant improvement in the maximum diode e�ciency. Through optimized gate-
controlled tuning of individual Josephson energies, diode e�ciency exceeding 50% is demonstrated.
Flux-dependent oscillations show quantitative agreement with a simple model of SQUID operation.

I. INTRODUCTION

Semiconducting diodes are essential nonreciprocal cir-
cuit elements o�ering signi�cantly higher resistance to
current 
ow in one direction compared to the other. This
property is crucial to various applications in semiconduc-
tor electronics, including power recti�cation, signal pro-
cessing, and the implementation of digital logic gates.
Driven in part by the requirements for scaled quantum
computing technologies, there has been an increasing in-
terest in the superconducting diode e�ect (SDE) [1{26].
The superconducting diode e�ect is a phenomenon where
the switching current of a superconducting device de-
pends on the direction in which an external current bias is
applied. The SDE may facilitate the development of a su-
perconducting counterpart to the diode operating within
completely lossless electronic circuits.

One platform where the SDE has been observed is in
superconducting quantum interference devices. The ef-
�ciency of the SDE can be characterized by the param-
eter � = I+

c �jI�
c j

I+
c +jI�

c j
, where I+

c and I�
c are the switching

currents of the device in the positive and negative bias
directions, respectively. This diode e�ect appears due to
the interference of di�erent harmonic components in the
current-phase relationships of Josephson junctions form-
ing SQUID loops [26, 27]. To date, the maximum ob-
served diode e�ciencies in SQUIDs peaked at � � 30%
[1{6].

Josephson junctions (JJs) typically have sinusoidal
CPRs [28, 29]. One method of generating non-
sinusoidal CPRs occurs in Josephson junctions with very

low disorder, where highly transparent Andreev bound
states (ABSs) dictate supercurrent transport through the
JJ [30{33]. In a JJ with N independent ABS modes, the
CPR is given by [34]:

IABS(�) =
e�
2~

NX

i=1

�i sin(�)
q

1 � �i sin2(�
2 )

(1)

where � is the superconducting gap, �i is the trans-
parency of the ith ABS mode, and � is the phase di�er-
ence between the two SC leads of the junction. Eq. (1)
can be written in the form IABS(�) =

P1
n=1 An sin(n�),

with the relative magnitude of the higher harmonic com-
ponents (n 6= 1) increasing signi�cantly as �i approaches
1.

Theoretical work by Souto et al. [27] reported a max-
imum achievable � � 37:4% in a single-loop SQUID and
� � 53:8% in a double-loop SQUID, where a single ABS
mode determined the CPR of each branch. These e�-
ciencies were only achievable when one of the junctions in
the modeled device was perfectly transparent with � � 1.
Perfectly transparent JJs are very di�cult to achieve in
practice, with typical reported values of � in real JJs
being signi�cantly lower [4, 6, 33]. Another explicit lim-
itation of this approach is that the amplitude and � of
the CPR of each branch are not independently tunable.
Tunability may be added if the number of ABS modes in
each JJ is made an adjustable parameter; however, the
practical implementation of this type of tuning in real
devices appears to be challenging.

Alternatively, it has been demonstrated that connect-
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FIG. 1. (a) False-color scanning electron microscope image of
a reference device. Two JJs are formed in each of the three
branches (blue) of the double-loop SQUID. Electrostatic gates
(gold) are then used to tune EJ independently for each junc-
tion. Gold loops at the top and bottom of the device may be
operated as 
ux lines to control 
ux through each loop of the
SQUID independently. The black box highlights the region
imaged in Fig. 1(c). (b) Device schematic showing three par-
allel superconducting branches, each with two gate-tunable
JJs in series. The device is 
ux-biased using an external mag-
netic �eld B?. Both loops of the device are designed to have
the same area. (c) False-color scanning electron microscope
image of both JJs on the bottom branch of a reference device.

ing two junctions with conventional sinusoidal CPRs in
series can also produce non-sinusoidal Josephson ele-
ments [1, 35, 36]. The total energy of such a system is
given by Etot = EJ1[1 � cos �1] + EJ2[1 � cos �2], where
EJ1 and EJ2 are the Josephson energies of the two sinu-
soidal junctions and �1 and �2 are the phase di�erences
across each junction. The Josephson energy EJ can be
related to the switching current of each junction by the
equation EJ � ~Ic

2e [37]. By minimizing the total energy
of this system, one �nds [29, 35]:

I2JJ (�; EJ1; EJ2) =
e�
2~

�eff sin(�)q
1 � �eff sin2(�

2 )
(2)

where � = �1+�2 is the total phase di�erence across both
JJs, � = EJ1 + EJ2, �eff = 4�

(1+�)2 , and � = EJ1
EJ2

. Note
that Eq. (1) and Eq. (2) have the same form, with �eff
becoming an ‘e�ective transparency’ and � an ‘e�ective
superconducting gap’ of the two JJ system. Here, we
explore this approach to generating non-sinusoidal CPRs
and improving the e�ciency of gate-tunable diodes.

Since � and �eff in Eq. (2) are both dependent on EJ1
and EJ2, a device implementing this approach a�ords
signi�cantly more control over the CPR of each branch.

It can be shown that in a device where the CPR of each
parallel interference branch is given by Eq. (2), � = 50%
and � = 63% can be achieved in a single-loop and double-
loop SQUID, respectively. Additionally, there is no re-
quirement for highly transparent junctions, as this model
assumes each JJ to have a sinusoidal CPR. The only re-
quirement for reaching these e�ciencies is that the EJ ’s
within the device can be tuned to precise values. More
details on CPRs demonstrating these diode e�ciencies
are given in Appendices D and E.

II. DEVICE CPR AND TUNING

We designed a double-loop SQUID with two JJs in
series on each of the three branches of the device, see
Fig. 1. The CPR of this double-loop SQUID is given by:

Itot(�) =
3X

i=1

e�i

2~
�eff;i sin(� + ��i)q
1 � �eff;i sin2(�+��i

2 )
(3)

where �i = EJ1;i + EJ2;i is the e�ective SC gap and
�eff;i = 4�i

(1+�i)2 is the e�ective transparency of the ith

branch of the device, determined by the ratio �i = EJ1;i
EJ2;i

of the Josephson energies of the two junctions in the ith

branch. We may choose a global phase such that ��1 = 0,
��2 = 2��1

�0
, and ��3 = 2�(�1+�2)

�0
with �1 and �2 being

the magnetic 
uxes piercing each SC loop, as shown in
Fig. 1(b). Junctions are indexed according to the conven-
tion shown in Fig. 1(b). Gate voltage Vi is used to tune
the coupling of junction i, which has a Josephson energy
EJi. For instance, the e�ective transparency and SC gap
of the bottom branch of the device are given by �eff;3
and �3, which are determined by EJ5 and EJ6 tuned by
gates V5 and V6, respectively.

To demonstrate gate control, we �rst create a quanti-
tative mapping between gate voltage and Josephson en-
ergy, EJi(Vi), for each junction. Fig. 2(a) shows the
EJ vs. gate voltage map for the JJ controlled by gate
V2. To generate this data, negative gate voltages were
applied to gates V4 and V6 to fully pinch-o� the corre-
sponding junctions in the middle and bottom branches of
the double-loop SQUID. A gate voltage of -1.1 V proved
to be su�cient to pinch o� the junctions. We note that
gates V1 and V3 were not responsive and held at ground
during the course of this study.

With the other branches pinched o�, the CPR of the
full device is given by Eq. (2). From Eq. (2), one can
show that (see Appendix C for further details):

Ic(EJ1; EJ2) =
2e
~

minfEJ1; EJ2g (4)

If we apply a negative gate voltage to V2 to reduce Ic
while keeping V1 = 0 (this occurs at V2 � �0:9 V in
Fig. 2(a)), Ic is proportional to EJ2. V2 is then set to a
range of voltages between �0:7 V and �1:1 V. At each
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FIG. 2. (a) Di�erential resistance (dV=dI) plotted as a func-
tion of gate voltage V2 and DC current bias Ibias. Gates V4
and V6 are set to �1:1V to pinch o� the middle and bottom
branches, respectively. Black arrow denotes Ibias sweep direc-
tion for the plotted data. (b) Same as Fig. 2(a), with top and
bottom branches pinched o� and gate V4 swept. The color
scale applies to both Fig. 2(a) and Fig. 2(b). (c) Di�erential
resistance (dV=dI) as a function of Ibias and perpendicular
magnetic �eld B? with all junction gates set to 0V. White
arrows denote Ibias sweep directions, with only switching cur-
rent sweeps plotted. Line cut used to generate IV curve in
Fig. 4(d) denoted by vertical dotted white line.

voltage, Ibias is swept from 0 nA ! 500 nA ! 0 nA
and the voltage drop across the full device is measured
to calculate dV=dI. In Fig. 2(a), only the sweeps from
Ibias = 0 nA ! 500 nA are plotted.

Eq. (4) allows us to use the switching current data,
Ic(V2), in Fig. 2(a) as a ‘look-up table’ to know what
voltage V2 we need to set to achieve a speci�c EJ2 value.
Similar gate voltage vs. EJ maps were created for gates
V4 (shown in Fig. 2(b)), V5, and V6. Maps for V5 and V6
are included in Appendix F.

While V1 and V3 are not actively tuned, we still need to
be able to approximate EJ1 and EJ3 to model the device
CPR properly. All junctions are designed to have the
same dimensions, with each junction having a designed
width of 1 µm and a designed length of 200 nm. For
this reason, we make the assumption that EJ1 = EJ2
and EJ3 = EJ4 when zero external gate voltage is ap-
plied. This assumption results in the EJ1 and EJ3 values
shown in Table I, calculated using the EJ vs. gate volt-
age maps for EJ2 and EJ4. The areas of both SC loops
are also designed to be identical. Since 
ux-biasing was
done using an external perpendicular magnetic �eld B?,
which is uniform over the device area, we assume that
�1 = �2. These conditions provide a clear de�nition of
the region of 
ux space f�1; �2g explored through 
ux

biasing and allows us to set ��2 = 2��1
�0

, and ��3 = 4��1
�0

when numerically calculating the CPR using Eq. (3).

III. SDE MEASUREMENTS

A. All gates at 0 V

We start by characterizing the device in the con�gu-
ration where the junctions are nominally identical. Peri-
odic SQUID oscillations in both bias directions with all
Vi = 0 V are displayed in Fig. 2(c). This data shows
largely symmetric periodic oscillations in both I+

c and
I�

c , with a period of approximately 15 µT. For our device,
each SQUID loop has a designed area of A � 120 µm2

such that we expect switching current oscillations to have
a periodicity of �0=A � 17 µT. The slightly smaller pe-
riod that we observe may be explained by the 
uxoid
focusing e�ect due to the surrounding Al thin �lm [38].

Switching currents in the positive and negative bias
directions are extracted from this data using a thresh-
old method, where the device is said to have switched
from a superconducting state to a normal state once the
measured dV=dI becomes greater than some threshold
Rthresh. Throughout this report, a threshold resistance
of Rthresh = 10 
 is chosen because it is roughly twice
the maximum noise amplitude of dV=dI measured in the
superconducting state.

It is worth noting that there is a measurable 
ux-
tunable diode e�ect revealed by extracting switching cur-
rents from the data in Fig. 2(c), with a maximum mag-
nitude of j�j � 6%. This asymmetry can be attributed
to slight variations in the intrinsic EJ ’s of each junction.
The EJ ’s of each junction appear to vary by approxi-
mately 10�20% at zero bias, which can be demonstrated
using gate response data for each junction (see Fig. 2(a)-
(b)). These variations cause the higher harmonics in the
CPRs of each branch to have slightly di�erent ampli-
tudes. Once a �nite external �eld is applied, these vary-
ing higher harmonic amplitudes can interfere in a way
that breaks inversion symmetry and leads to a small but
observable diode e�ect.

B. Voltage con�guration yielding j�j > 50%

A signi�cant diode e�ciency can be achieved by choos-
ing a suitable asymmetric voltage con�guration. EJ ’s
necessary to achieve a maximum diode e�ect are deter-
mined using a Monte Carlo optimization method, where
the four tunable EJ ’s and the external 
ux biases �1;2 are
sampled from a uniform distribution within the experi-
mentally tunable range and � is calculated numerically
for each set of device parameters using Eq. (3) (see Ap-
pendix E for more details). Through this optimization
method, we determine that � is maximized in con�gu-
rations where the CPR of one branch is maximally non-
sinusoidal, with �eff = 1, and the CPRs of the other two
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FIG. 3. (a) Di�erential resistance (dV=dI) as a function of
Ibias and B? with junction gates tuned to a con�guration
to enhance � (V2 = �1:04 V, V4 = �1:02 V, V5 = �1:013 V,
V6 = �1:005 V). Dashed red box denotes Ibias and B? ranges
displayed in Fig. 4(a). (b) I+

c (black) and I�
c (red) as a func-

tion of B? extracted from the data plotted in Fig. 3(a) using
a threshold resistance of 10 
. (c) Modeled I+

c and I�
c as

a function of external magnetic 
ux threading both loops,
where �1 = �2. Calculated from the maximum and mini-
mum values of the device CPR given by Eq. (3) using EJi’s
displayed in Table I. (d) Measured diode e�ciency � as a
function of B? calculated from the switching currents plotted
in Fig. 3(b). (e) � as a function of external 
ux (�1 = �2)
calculated from the modeled switching currents in Fig. 3(c).

branches have signi�cantly less higher harmonic content,
with �eff � 0:5 � 0:6.

This con�guration is achieved in our device by setting
EJ1 � EJ2, and EJ3 � EJ4, and EJ5 � EJ6. This
leads to the observation of highly asymmetric SQUID
oscillations, as is shown in Fig. 3(a). Switching currents
in the positive and negative bias directions are plotted in
Fig. 3(b) for an Rthresh of 10 
.

The minima of I+
c and jI�

c j in each period of these
SQUID oscillations are clearly shifted from each other,
leading to a strong observed diode e�ect at speci�c B?
values. Through 
ux tuning, we demonstrate the abil-
ity to periodically tune � to any value between �54%
and 47% in this voltage con�guration, see Fig. 3(d).
j�j = 54% is a signi�cant increase over previously re-

ported maximum e�ciencies reported in the literature
[1{6] and demonstrates the potential of our approach.

To model this data, we numerically calculate the de-
vice CPR for a range of external 
ux values from �1 =
�2 2 [0; 2�0] using Eq. (3) with EJi’s for each junction
set to the values shown in Table I. At each �1;2, I+

c and
I�

c are given by the maximum and minimum values of
Itot(�), respectively. This calculation results in the mod-
eled I+

c and I�
c oscillations shown in Fig. 3(c), where

we see broad agreement with our data. We also observe
that the measured 
ux dependence of � agrees with this
model, as is shown in Fig. 3(e). We can also demonstrate
a similar agreement for a di�erent voltage con�guration
of this device, where negative gate voltages are applied
only to V2 and V4 (see Appendix F for data and analysis).

TABLE I. Gate voltages applied to each JJ to generate the
data shown in Fig. 3(a). EJ;i’s used to calculate modeled I+

c
and I�

c oscillations in Fig. 3(c) are also shown, along with the
e�ective transparency of each branch in this model.

i Vi (V) EJi (nA� ~
2e ) EJi (meV) �e�

1 0 420 0.8633 0.538
2 -1.040 80 0.1644

3 0 380 0.7811 0.619
4 -1.020 90 0.1850

5 -1.013 80 0.1644 0.997
6 -1.005 90 0.1850

We observe an interesting asymmetry in the sharpness
of the increase in dV=dI around the SC transition at cer-
tain values of B? in this voltage con�guration. We high-
light this asymmetry in Fig. 4(a), where regions of low
but non-zero resistance are clearly present for particular
Ibias and B? values. These observations, indicative of
‘smoother’ superconducting transitions around the �eld
values where we observe the lowest I+

c and jI�
c j, are in

qualitative agreement with basic thermal 
uctuation the-
ory [39]. Since the minima of the oscillations in I+

c and
jI�

c j occur at di�erent B?, the e�ect is to smooth the SC
transition in one bias direction and generate a sharp SC
transition in the other direction (see Fig. 4(b,c).

Fig. 4(b) shows dV=dI measured in both current bias
directions at the voltage and 
ux con�guration where
� � �54% was realized. Here, the asymmetry in the
sharpness of the SC transition is apparent, with the in-
crease in dV=dI being signi�cantly more gradual in the
positive bias direction. By changing the external 
ux
through the device, we can also observe a mirrored asym-
metric transition with the smooth increase in dV=dI in
the negative bias direction instead of the positive direc-
tion (see Fig. 4(c)).

Fig. 4(d-f) displays a comparison of the DC IV data
when all gate voltages are set to 0 V (Fig. 4(d)) to
the con�gurations corresponding to the most negative
(Fig. 4(e)) and most positive (Fig. 4(f)) measured val-
ues of �. In the initial state with the gates set 0 V, we
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FIG. 4. (a) Di�erential resistance (dV=dI) for the narrow range of Ibias and B? values denoted by the dotted box in Fig. 3(a).
Note that this is the same data from Fig. 3(a) plotted using a di�erent colormap to highlight smooth SC transitions. Dotted
pink and gray lines denote dV=dI data demonstrating high j�j in both polarities, plotted in Fig. 4(b) and Fig. 4(c), respectively.
(b) dV=dI as a function of Ibias at external �eld B? � 5:56 µT. � = �54% calculated for a threshold resistance of 10 
. (c)
dV=dI as a function of Ibias at external �eld B? � 9:57 µT. � = 47% calculated for a threshold resistance of 10 
. (d) DC IV
for device con�guration with all junction gates set to 0 V and external magnetic �eld set to 0 µT. Arrows at the bottom of the
�gure indicate Ibias sweep direction. (e) DC IV generated from data in Fig. 4(b). (f) DC IV generated from data in Fig. 4(c).

�nd I+
c � I�

c and j�j < 1%. We observe a sharp SC
transition in both bias directions. Clearly, this initially
symmetric current response can be tuned using electro-
static gating and external magnetic 
ux to operate as an
e�cient diode.

IV. CONCLUSIONS

In summary, we realize an e�cient diode e�ect in a
superconducting interferometer in which non-sinusoidal
CPRs are generated by tuning multiple voltage-tunable
Josephson junctions. In optimized voltage con�gura-
tions, we observe highly asymmetric oscillations in I+

c
and I�

c with respect to external �eld, signifying a 
ux-
tunable superconducting diode with a maximum j�j >
50%. These �ndings demonstrate the ability to engineer
the CPR of non-sinusoidal Josephson elements to develop
more e�ective superconducting diodes.

Tunable non-sinusoidal CPRs in superconducting cir-
cuits add signi�cant functionality. For example, added
control over the CPR and EPR of SQUIDs may allow for
speci�c engineering of SQUID Hamiltonians. There is
potential to develop noise-resilient qubits [40{44], where
the energy levels of the qubit could be controlled by set-
ting speci�c EJ ’s to generate a desired device EPR.
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APPENDIX A: SAMPLE PREPARATION

A hybrid superconductor-semiconductor heterostruc-
ture is used for device fabrication. This wafer is
grown using molecular beam epitaxy (MBE) to ensure
a high-quality interface between the superconductor and
semiconductor. An InGaAs/InAs/InGaAs layer stack
forms a near-surface quantum well that supports a two-
dimensional electron gas (2DEG). The superconducting
layer is formed by growing 5 nm of Al epitaxially on top
of this semiconductor stack.

All device patterning is performed using electron beam
lithography (JEOL JBX-8100, 100 keV). First, the mesa
for each device is de�ned with a wet chemical etch us-
ing (220:55:3:3 H2O:C6H8O7:H3PO4:H2O2). JJs are then
formed by etching the epitaxial Al using Transene Alu-
minum etch type D at 50�C for 9 seconds. The JJs are
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designed to have a length of 200 nm and a width of 1 µm.
SEM imaging of a reference device measured the length of
the junctions after etching to be � 230 nm. A dielectric
layer of 18 nm HfOx is then grown using atomic layer de-
position (Cambridge Nanotech Fiji). Electrostatic gates
are de�ned by depositing a metal stack of Ti/Al/Ti/Au
(15 nm/300 nm/15 nm/100 nm) on top of this dielec-
tric layer using electron beam evaporation (CHA E-beam
Evaporator). The thick layer of Al was included in this
metal stack because superconducting 
ux lines are pat-
terned onto our device in the same layer as the electro-
static gates. These 
ux lines (imaged in Fig. 1(a)) are
not used for this experiment.

Prior to the measurement of the two-loop SQUID used
for the main experiment, characterization of this wafer
is performed with a gated Hall bar and a supercon-
ducting quantum point contact (SQPC) on the same
chip. In the gated Hall bar, a peak 2DEG mobility of
�peak � 65; 000 cm2=Vs is measured at a charge carrier
density of n � 0:67 � 1012 cm�2. A hard induced super-
conducting gap of 2�� � 380 µeV is measured in tun-
neling spectroscopy measurements performed using the
SQPC.

APPENDIX B: MEASUREMENT SETUP

Electrical transport measurements are performed in a
commercial cryofree dilution refrigerator (Oxford Instru-
ments, Triton 500) at a base temperature of 10 mK. Stan-
dard DC and low-frequency AC (f = 101 Hz) lock-in
(Stanford Research, SR860) measurement techniques are
used. DC and AC currents are ampli�ed using a commer-
cially available current-to-voltage converter (Basel, SP
963c) with a gain of 106. Commercial voltage pream-
pli�ers (Basel, SP 1004) with a gain of 102 are used to
amplify DC and AC voltages. An external magnetic �eld
is applied using a current source meter (Keithley 2612B)
connected to the vector magnet of the dilution refrigera-
tor.

All measurement lines are �ltered at cryogenic temper-
atures using RC and RF low-pass �lter banks (QDevil)
with a cuto� frequency of approximately 50 kHz. Simple
RC �lters with a cuto� frequency of � 2 kHz are present
on the sample motherboard, adding additional �ltering
to all lines. Lines for electrostatic gates are additionally
�ltered at room temperature using homemade RC �lters
with a cuto� frequency of 10 Hz.

APPENDIX C: RELATING Ic THROUGH A
SINGLE BRANCH TO EJ

Recalling that the relation between Josephson energy
and critical current for a single junction is given by EJ �
~Ic
2e , an equivalent statement to Eq. (4) is

Ic(EJ1; EJ2) = minfIc1; Ic2g (C1)

where Ic1 and Ic2 are the critical currents of each junc-
tion. When two JJs are connected in series, the current
passing through both junctions must be equivalent since
current must be conserved. So, the critical current of a
branch with two JJs will be given by the smaller junction
critical current, as is stated in Eq. (C1).

We also provide a more rigorous mathematical proof
that Eq. (4) follows from Eq. (2). We �rst need to express
the critical current through a single branch explicitly in
terms of only EJ1 and EJ2. This can be done by �nding
an expression for the � that maximizes Eq. (2). To start,
we take the derivative of Eq. (2) with respect to � and
set it equal to zero:

@I2JJ

@�
=

e��
25=2~

�
� cos(2�) � 4(� � 2) cos(�) + 3�

[�(cos(�) � 1) + 2]3=2

�
= 0

(C2)
where � = EJ1 + EJ2, � = 4�

(1+�)2 , and � = EJ1
EJ2

. Solving
Eq. (C2) for � yields two real solutions, which we will
de�ne as �+ and ��, where:

�� = � cos�1
�

�2 + 2
p

1 � � + �
�

�
(C3)

�+ and �� are the phases corresponding to the maximum
and minimum values of Eq. (2), respectively. Substitut-
ing this expression for �+ into Eq. (2) allows us to express
the critical current through a single branch with two JJs
as a function of only EJ1 and EJ2:

Ic(EJ1; EJ2) =
e�
2~

� sin(cos�1(�2+2
p

1��+�
� ))

q
1 � � sin2(1

2 cos�1(�2+2
p

1��+�
� ))

(C4)
We can then square both sides of Eq. (C4) and expand

the product �� in terms of EJ1 and EJ2 to arrive at the
expression:

I2
c =

�
2eEJ1EJ2

~(EJ1 + EJ2)

�2 sin2
�

cos�1
�

�2+2
p

1��+�
�

��

1 � � sin2
�

1
2 cos�1

�
�2+2

p
1��+�

�

��

(C5)
After removing the trigonometric components in the nu-
merator and denominator of this expression using double-
angle identities, power-reducing identities, and simpli�-
cation, Eq. (C5) becomes:

I2
c =

�
2eEJ1EJ2

~(EJ1 + EJ2)

�2 1 �
�

�2+2
p

1��+�
�

�2

p
1 � �

(C6)

Then, taking the square root of both sides and simplify-
ing further:

Ic =
4eEJ1EJ2

~(EJ1 + EJ2)

s
2 � 2

p
1 � � � �
�2 (C7)
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After substituting in the expression for � in terms of EJ1
and EJ2 and simplifying again, we �nally arrive at the
expression

(
Ic = 2eEJ1

~ ; EJ1 � EJ2

Ic = 2eEJ2
~ ; EJ1 � EJ2

(C8)

Eq. (C8) is an equivalent statement to Eq. (4). This
proves that the critical current through both junctions is
proportional to the smaller of the two EJ ’s, and allows us
to create the gate voltage to EJ maps for each junction.

APPENDIX D: CPR OPTIMIZING � IN A
SINGLE-LOOP SQUID

In a single-loop SQUID, where each interference
branch is given by Eq. (2), the total CPR is the sum of
these two interfering CPRs. For this optimization prob-
lem, we temporarily ignore the prefactor e

2~ common to
each branch and write this CPR as:

ISL(�) / �1
�1 sin(�)

q
1 � �1 sin2(�

2 )
+ �2

�2 sin(� + ��)
q

1 � �2 sin2(�+��
2 )
(D1)

Note that �eff;i’s have been rewritten as �i’s here for
clarity. ISL(�) denotes the CPR of a Josephson rhom-
bus, a device measured in previous experiments [2]. The
initial goal is to �nd the combination of parameters
f�1; �2; �1; �2; ��g that would yield a CPR with a maxi-
mized �.

Here, we note a few observations that help to reduce
the dimensionality of the parameter space for optimiza-
tion. First, we note that we expect a maximized � when
one of the two branches of our device has maximal higher
harmonic content. This expectation is motivated by the
fact that asymmetry in SQUIDs is caused by the interfer-
ence of these higher harmonic components. This is also
what is observed in Souto’s single-ABS model [27]. For
this reason, we set �1 = 1 in Eq. (D1) and leave �2 as a
free parameter.

Also, we can divide Eq. (D1) by �2 and de�ne a ratio
� = �1

�2
to reduce the number of free parameters further

down to three (�,�2, and ��). This allows us to rewrite
Eq. (D1) as:

ISL(�) / �
sin(�)

q
1 � sin2(�

2 )
+

�2 sin(� + ��)
q

1 � �2 sin2(�+��
2 )

(D2)

By doing this, the multiplicative prefactor in front of
our expression becomes e�2

2~ . We can ignore such pref-
actors for this optimization since they multiply I+

c =
maxfISL(�)g and I�

c = minfISL(�)g by the same value,
and therefore have no impact on �.

We then perform Monte Carlo optimization on
Eq. (D2), where a large number (N = 106) of �, �2,

and �� values are randomly generated from a uniform
distribution within the ranges � 2 [0; 2]; �2 2 [0; 1]; and
�� 2 [0; 2�] and � is numerically calculated for each com-
bination. Interestingly, there appears to be convergence
towards a single optimal solution. This convergence oc-
curs as � ! 0, �2 ! 0, and �� ! � 3�

4 .
Clearly, inserting these values into Eq. (D2) yields a

trivial result. However, if we divide Eq. (D2) by �2 and
then note that lim�2!0

sin(�+��)p
1��2 sin2( �+��

2 )
= sin(�+��), we

can rewrite this expression again as:

ISL(�) /
�
�2

sin(�)
q

1 � sin2(�
2 )

+ sin(� + ��) (D3)

We then perform Monte Carlo optimization again with
only two free parameters: �

�2
and ��. This approach

indeed results in convergence towards an optimal set of
parameters, where �

�2
=

p
2

2 , �� = � 3�
4 , and � = 50%.

A hypothetical device with this CPR could be realized
in a SQUID where one branch has two JJs with equal
EJ ’s (�1 = 1) and the other branch has a single JJ with
a sinusoidal CPR (�2 = 0), as is shown in Fig. 5(a). For
a SQUID where EJ1 = EJ2 = E� on the top branch and
EJ3 =

p
2

2 E� on the bottom branch, the total CPR of
the SQUID would be given by:

ISL;�max(�; ��) =
eE�

~

2

4 sin(�)
q

1 � sin2(�
2 )

+
p

2 sin(� + ��)

3

5

(D4)
This hypothetical device would be operable as a 
ux-

tunable diode where � could be set to any value between
�50% and 50% (Fig. 5(c)). Fig. 5(d) explicitly plots
ISL;�max(�; �� = 5�

4 ), where it can be seen that I+
c =

3jI�
c j and therefore, � = 50%.
A mathematical upper bound for the diode e�ciency

of NJ interfering functions that aren’t diodes themselves
is given by �� = (NJ � 1)=NJ [27]. For the single loop
case, we have two interfering branches, so NJ = 2 and
�� = (2 � 1)=2 = 50%, matching the diode e�ciency
of the function in Eq. (D4). This mathematical upper
bound �� was constructed initially with highly idealized
functions (step functions and delta functions) in mind,
so it is somewhat surprising that we can manage to con-
struct a realizable device CPR where � = ��.

APPENDIX E: CPR OPTIMIZING � IN A
DOUBLE-LOOP SQUID

The CPR of a double-loop SQUID with two sinusoidal
JJs on each branch is given by Eq. (3). To determine a set
of free parameters that yields a CPR with a maximized
�, we perform another Monte Carlo optimization. To
make this process more directly useful for experimental
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FIG. 5. Demonstration of single-loop and double-loop SQUID con�gurations optimizing �. (a) Schematic of device expected to
have the CPR given by Eq. (D4). (b) Modeled I+

c and I�
c as a function of external magnetic 
ux � for the single-loop device

shown in Fig. 5(a). Calculated from device CPR given by Eq. (D4). (c) � as a function of external 
ux � calculated from the
modeled switching currents in Fig. 5(b). (d) CPR I(�) in Eq. (D4) plotted for �� = 5�

4 . I+
c = 3eE�

~ , jI�
c j = eE�

~ , and � = 50%.
(e) Schematic of double-loop SQUID con�guration expected to maximize �. The size of each ‘X’ corresponds to the relative
EJ for each junction. (f) Modeled I+

c and I�
c as a function of external magnetic 
ux threading both loops, where �1 = �2.

Calculated from device CPR given by Eq. (3) using EJi’s displayed in Table II. (g) � as a function of external 
ux (�1 = �2)
calculated from the modeled switching currents in Fig. 5(f). (h) Device CPR for double-loop SQUID con�guration where � is
approximately maximized. I+

c = 95:03 nA, jI�
c j = 21:36 nA, and � � 63:3%.

tuning, we allow fEJi; �ig to comprise our set of free
parameters instead of f�i; �i; ��ig. Note that �i and �i
can be directly calculated from EJi;1 and EJi;2.

Choosing to randomize EJ ’s instead of �i’s and �i’s
allows us to more easily impose constraints re
ecting the
lack of gate response from gates V1 and V3 in our device.
As was discussed in the main text, we impose this con-
straint during device modeling by �xing EJ1 and EJ3 to
the values displayed in Table II. Additionally, since our
device was 
ux-biased using an external magnetic �eld,
and the areas of both loops were designed to be equal,
we set �1 = �2 for this optimization.

The volume of phase space that we need to optimize
within increases exponentially with the number of loops,
so it is helpful to reduce the number of free parameters
used for MC optimization wherever possible. As was the
case for the single-loop SQUID, we expect a maximized �
when one branch has maximal higher harmonic content.
To achieve this, we impose the constraint EJ5 = EJ6,
reducing the number of free parameters by one.

With these constraints in mind, we follow
a similar MC optimization procedure, where
we randomize combinations of parameters
fEJ2; EJ4; EJ5 (equal to EJ6); �1 (equal to �2)g from
a uniform distribution and calculate � numerically for
a large number of iterations. The ranges of values
we randomize our EJ ’s to correspond to the range of
energies we can set for each junction using gate tuning.

TABLE II. EJi’s from Monte Carlo optimization of a double-
loop SQUID used to calculate modeled I+

c and I�
c oscilla-

tions in Fig. 5(f), along with the e�ective transparency of
each branch in this model.

i EJi (nA� ~
2e ) EJi (meV) �e�

1 420 0.8633 0.514
2 75 0.1542

3 380 0.7811 0.551
4 75 0.1542

5 58 0.1192 1.000
6 58 0.1192

For the double-loop case, we are unable to converge to
a single optimal device con�guration where � = ��, as we
were able to do for the single-loop SQUID. This is due to
both the constraints we imposed on the model to re
ect
our device’s tunability and the fact that the parameter
space we are optimizing in is signi�cantly larger. This
does not mean that a similar optimal solution where � =
�� does not exist; however, it was not found in our search.

Through our optimization procedure, we are still able
to �nd a con�guration where � � 63:3%, which is only a
few percent short of �� = 2

3 � 66:7% for the double-loop
case (NJ = 3). This optimal con�guration is achieved
when �1 = �2 � 0:5972 �0 and the EJi’s of all junctions
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FIG. 6. (a) Di�erential resistance (dV=dI) plotted as a func-
tion of gate voltage V5 and DC current bias Ibias. Gates V2

and V4 are set to voltages of �1:1V to pinch o� the top and
middle branches, respectively. Gate voltage V6 is held at 0 V.
Black arrow denotes Ibias sweep direction for the plotted data.
(b) Same as Fig. 6(a), except sweeping gate voltage V6 while
keeping V5 at 0 V. Colorbar applies to both Fig. 6(a) and
Fig. 6(b).

TABLE III. Gate voltages applied to each JJ to generate data
shown in Fig. 7(a). EJi’s used to calculate modeled I+

c and
I�

c oscillations in Fig. 7(c) are also shown, along with the
e�ective transparency of each branch in this model.

i Vi (V) EJi (nA� ~
2e ) EJi (meV) �e�

1 0 420 0.8633 0.581
2 -1.028 90 0.1850

3 0 380 0.7811 0.619
4 -1.019 90 0.1850

5 0 360 0.7399 1.000
6 0 360 0.7399

are set to the values in Table II. Itot(�) from Eq. (3) is
plotted for these parameter values in Fig. 5(h), demon-
strating a CPR where � � 63:3%.

There were some challenges when attempting to use
the gate mappings for each junction to quantitatively
tune the EJ ’s of the device to this optimal con�gura-
tion, since these gate mappings would shift slightly over
time. These shifts appeared to be around 10 � 20 mV
for each junction, so the gate mappings were still helpful
in approaching the optimal voltage con�guration of the
device. However, this made it di�cult to set all of the
junction EJ ’s to the exact values needed to observe the
maximum possible diode e�ciency achievable in our de-
vice of � > 60%. There is a range in parameter space
around this optimal con�guration where j�j > 50% can
be observed, and we can tune our device to a voltage
con�guration within this range (Section III B).

APPENDIX F: ADDITIONAL FIGURES

Fig. 6 displays the gate voltage vs. EJ maps for the
junctions tuned by V5 and V6. This �gure is generated
using the same method used to generate Fig. 2(a) and

FIG. 7. (a) Di�erential resistance (dV=dI) as a function of
Ibias and B? with junction gates tuned to another con�gura-
tion where signi�cant asymmetry was observed (gate voltages
applied to each junction are displayed in Table III). (b) I+

c
(black) and I�

c (red) as a function of B? extracted from the
data plotted in Fig. 7(a) using a threshold resistance of 10
.
(c) Modeled I+

c and I�
c as a function of external magnetic


ux threading both loops, where �1 = �2. Calculated from
device CPR given by Eq. (3) using EJi’s displayed in Table
III. (d) Measured diode e�ciency � as a function of B? cal-
culated from the switching currents plotted in Fig. 7(b). (e)
� as a function of external 
ux (�1 = �2) calculated from the
modeled switching currents in Fig. 7(c).

Fig. 2(b). One of the junctions in the top and mid-
dle branches is fully depleted by applying a negative
gate voltage so that supercurrent transport only occurs
through the bottom branch. Then, according to Eq. (4),
the measured Ic is proportional to the smaller of the two
EJ ’s in the bottom branch of the device. As was the case
for the junctions controlled by V2 and V4, the change in
Ic that we measure is negligible until a gate voltage of
approximately �0:9 V is applied to either junction whose
response we are measuring.

Fig. 7 displays highly asymmetric SQUID oscillations
measured in a second voltage con�guration. To generate
this �gure, negative gate voltages are applied to V2 and
V4 so that EJ1 � EJ2, and EJ3 � EJ4, and EJ5 � EJ6.
The di�erence between this con�guration and the one
we tune to in Section III B is that here, we keep V5 and
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V6 set to 0 V. As a result of this change, the CPR of
the full device is a�ected signi�cantly, and the measured
oscillations in I+

c and I�
c take on an entirely di�erent

qualitative form.
Note that the measured Ic when V5;6 < �0:9 V is ap-

proximately equivalent in Fig. 6(a) and Fig. 6(b). This
does not necessarily mean that EJ5 and EJ6 are equiv-
alent when no gate voltage is applied to either junction,
since, according to Eq. (4), we are only able to probe
the smaller of these two energies with this measurement.
Still, we assume that EJ5 = EJ6 if V5 = V6 = 0 V when

modeling the device CPR in this voltage con�guration,
as is shown in Table III.

This con�guration also displays signi�cant asymmetry
that can be tuned using external 
ux to any � between
�37% and 34%, as is shown in Fig. 7(d). As was done
in Section III B, we model this data by numerically cal-
culating the device CPR using Eq. (3) with EJi’s for
each junction now set to the values shown in Table III.
The resulting modeled oscillations in I+

c and I�
c shown in

Fig. 7(c) again show explicit qualitative and quantitative
agreement with our data.
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