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Abstract 21 

The superconducting diode effect (SDE) is a phenomenon that has attracted significant attention for 22 

its potential to establish new Josephson junction (JJ) physics and its application as a rectifier in 23 

Josephson circuits. While many experimental platforms for SDE have been reported, only a few 24 

demonstrate high efficiency. One promising system is a JJ coherently coupled with a second JJ 25 

embedded in a superconducting loop, where SDE is controllable in direction via the phase difference. 26 

Here we study SDE in such devices under microwave irradiation. With the appearance of Shapiro steps, 27 

SDE efficiency increases as the microwave power is raised. Additionally, a finite direct current (DC) 28 

voltage difference appears without any DC bias current at high microwave powers. These results are 29 

explained by the dynamics of the JJ’s washboard potential, which are common to all SDE systems. 30 

Our findings enhance the understanding of SDE dynamics and expand their potential applications. 31 

  32 
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A Josephson junction (JJ) is a representative superconducting (SC) device consisting of two weakly-33 

linked superconductors through insulators or normal conductors(1). JJs have been studied to engineer 34 

quantum effects in solid-state devices, enabling realization of SC quantum computing and highly 35 

sensitive magnetic sensors. Recently, SC diode effect (SDE) has attracted much attention as a new 36 

probe of SC physics such as the Josephson effect with neither time-reversal nor spatial-inversion 37 

symmetries and as a route to develop efficient rectifiers in SC circuits for applications(2–10). SDE is 38 

characterized by non-reciprocal SC transport, where the critical current in the positive direction, 𝐼𝑐+, 39 

differs in the absolute value from the critical current in the negative direction, 𝐼𝑐−. Various SC devices 40 

exhibit SDE based on different microscopic mechanisms, such as the vortex ratchet effect(11–14), SC 41 

quantum interference(15–19), finite-momentum Cooper pairing originating from the spin-orbit 42 

interactions in the presence of Zeeman splitting or ferromagnetism(6, 7, 20–28), and multiterminal 43 

JJs(29–38). SDE is quantitatively characterized by the efficiency 𝜂 ≡
|𝐼𝑐+|−|𝐼𝑐−|

|𝐼𝑐+|+|𝐼𝑐−|
. Ideally, 𝜂 = 1  is 44 

desired for future applications but such a system is rare. Therefore, methods to significantly enhance 45 

SDE efficiency 𝜂 and elucidate the underlying physics are important alongside studies of the effect in 46 

various candidate systems.  47 

We focus on the Shapiro response(39–45) of JJs to enhance SDE efficiency 𝜂. The enhancement of 48 

𝜂  in the Shapiro response has been theoretically considered in an asymmetric superconducting 49 

quantum interference device (SQUID)(46, 47), which is comparable to other SDE platforms in JJs(48). 50 

To discuss the critical currents of a JJ device, the resistively shunted junction (RSJ) model(49, 50) is 51 

considered. The circuit is shown in Fig. 1(a). We set the JJ device in which the supercurrent 𝐼𝑠𝑐(𝜙) 52 

has a 2𝜋 periodicity of the phase difference 𝜙, contacted to a resistor 𝑅 in parallel. The irradiated 53 

microwave generates the alternating current (AC current) flowing in the circuit in addition to the direct 54 

current (DC current) so that the bias current is written as 𝐼𝑑𝑐 + 𝐼𝑎𝑐 sin 2𝜋𝑓𝑡. 𝐼𝑑𝑐 , 𝐼𝑎𝑐 , 𝑓 and 𝑡 are the 55 

DC current, the AC current, the frequency, and time, respectively. From the Kirchhoff’s law, a sum of 56 

current in the resistor and the JJ should be the bias current. From the AC Josephson effect, the voltage 57 

on the JJ is described as 
ℏ

2𝑒

𝑑𝜙

𝑑𝑡
, giving 

ℏ

2𝑒𝑅

𝑑𝜙

𝑑𝑡
+ 𝐼𝑠𝑐(𝜙) = 𝐼𝑑𝑐 + 𝐼𝑎𝑐 sin 2𝜋𝑓𝑡 . This equation is 58 

interpreted as dynamics of a particle who moves along the 𝜙 axis with the washboard potential 𝑈(𝜙) −59 

(𝐼𝑑𝑐 + 𝐼𝑎𝑐 sin 2𝜋𝑓𝑡)𝜙 with 𝑈(𝜙) = ∫ 𝐼𝑠𝑐(𝜙)𝑑𝜙. This model equation means that the DC current of JJ 60 

makes the washboard potential tilted, and the finite voltage appears on the JJ when the washboard 61 

potential allows the particle to roll unidirectional on average. Therefore, when the JJ exhibits SDE, the 62 

potential 𝑈(𝜙) is skewed. This model with the skewed potential produces enhancement of SDE 63 

efficiency with microwave irradiation. Experimental demonstrations of the enhanced SDE by 64 

microwave irradiation have been reported in a SQUID(18) and single JJs of InAs nanowires(51). 65 

Here we study the Shapiro response in a system where coherently coupled JJs create SDE. The 66 

coupled JJs have a device structure in which two JJs share one or two short SC electrodes(52–55). In 67 

the structure, the Andreev bound states in the respective JJs are hybridized to form phase-tunable 68 
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Andreev molecules(56–61). Phase control of the Andreev molecules generates SDE without the need 69 

for strong magnetic fields(35, 37, 62). Consequently, SDE efficiencies of around 10~30 % have been 70 

experimentally obtained. We demonstrate that SDE efficiency is enhanced due to the Shapiro response. 71 

The efficiency enhancement is reproduced by our numerical calculations and explained by an 72 

analytical formula. These results indicate that the phase particle dynamics in the washboard potential 73 

of the JJ holding SDE generate the efficiency enhancement. This will contribute to understanding of 74 

SDE dynamics and development of the rectifiers useful in SC circuits. 75 

The device has been fabricated from an InAs quantum well covered with an epitaxially grown 76 

Aluminum film(63, 64). The device structure is depicted in Fig. 1(b). The device consists of two JJs, 77 

JJ1 and JJ2. JJ2 is embedded in an SC loop to control the phase difference by an out-of-plane magnetic 78 

field, 𝐵. The critical current of JJ1 which is outside of the SC loop is studied. In this device, SDE is 79 

observed in JJ1 critical currents systematically as a function of 𝐵 because of the Andreev molecule in 80 

the two JJs(35, 37, 54, 56, 62, 65–67). We note that the critical current of JJ1 is sufficiently smaller 81 

than that of the SC loop because the SC loop holds only a single JJ (JJ2) and then the critical current 82 

of the SC loop should be similar to the Aluminum critical current (~0.1 mA) (see Appendix 8). The 83 

separation between two JJs is 160 nm which is smaller than the coherence length of the Al/InAs 84 

quantum well in the literature(68, 69). Then, we have measured the critical currents of JJ1 as a function 85 

of 𝐵 under microwave irradiation with varied power (𝑃) and at frequency (𝑓) (see Appendix 1 and 2). 86 

The measurement has been implemented at the base temperature (~10 mK) in a dilution refrigerator. 87 

We present results of one device in the main text and the reproducible results in a second device (see 88 

Appendix 6 and 7). 89 

First, we characterize the SC transport of our device. Figure 1(c) shows the voltage difference (𝑉) on 90 

JJ1 as a function of the bias direct current (𝐼𝑑𝑐) at 𝐵 = 0.078, 0.066, and 0.054 mT. The supercurrent 91 

flows through JJ1 in the white region in Fig. 1(c). Clear switching behavior from the supercurrent 92 

regime to the normal conduction regime is found and used to extract values for the critical current. 93 

Forward and reverse critical currents 𝐼𝑐+ and 𝐼𝑐− are defined as the currents at the threshold voltages 94 

of 𝑉 = 1 μV and −1 μV, respectively. The evaluated absolute values of 𝐼𝑐+ and 𝐼𝑐− at different 𝐵 are 95 

plotted in Fig. 1(d) as red and blue curves, respectively. We observe that changing 𝐵 causes the critical 96 

currents to oscillate due to modification of the phase difference over JJ2. The oscillation period of 97 

0.144 mT is almost consistent with the period of 0.181 mT calculated from the SC loop area. The small 98 

difference between the periods can be attributed to magnetic focusing from the SC leads. This is 99 

because the critical current of JJ1 is modulated via Andreev molecules in JJ1 and JJ2 as already 100 

reported(54). We focus on the oscillation around 𝐵 = 0 mT to reduce the possible contribution of the 101 

screening current. The bias current in the SC loop possibly produces the SDE. However, such SDE 102 

contribution can be eliminated by connecting the ground to the center SC electrode, because the bias 103 

current does not flow in the SC loop in this configuration (see Appendix 6 and 7).  104 

SDE, |𝐼𝑐+| ≠ |𝐼𝑐−| emerges as expected from the Andreev molecules in JJ1 and JJ2. SDE efficiency 105 

𝜂 can be evaluated from the results in Fig. 1(c), yielding values of 𝜂 = −0.15 (𝐵 = −0.078 mT), 106 
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0.035 (𝐵 = −0.066 mT),  and 0.14 (𝐵 = −0.054 mT). From the results in Fig. 1(d), 𝜂 ranges from 107 

−0.15 to 0.16 for −0.10 < 𝐵 < 0.05 mT. This result indicates that control of SDE by 𝐵 can only 108 

increase |𝜂| to a maximum of 0.16. We note that 𝐼𝑐+ and 𝐼𝑐− do not depend on the sweep direction of 109 

𝐼𝑑𝑐, indicating that JJ1 is overdamped and the RSJ model is suitable for evaluating SC transport (see 110 

Appendix 3).  111 

We irradiate the device with microwaves from a nearby antenna and measure the 𝐼 − 𝑉 curves with 112 

𝐵  fixed. First, we study the 𝐼 − 𝑉  curves at several microwave powers (𝑃)  and obtained 𝑉  as a 113 

function of 𝐼𝑑𝑐 and 𝑃 with microwave frequency 𝑓 = 2.5 GHz and 𝐵 = −0.066 mT in Figs. 1(e) and 114 

(f), respectively. At this magnetic field, SDE is almost negligible. The Shapiro steps appear at 𝑉 =115 

𝑛𝑉0 (𝑛 = 0, ±1, ±2). Here 𝑉0 =
ℎ𝑓

2𝑒
≃ 5.17 μV. The 𝑉 ≃ 0 supercurrent region can be found in the 116 

range of −5 dBm ≤ 𝑃 ≤ 6.5 dBm although the transition becomes vague as 𝑃 increases into the high-117 

power regime where the Shapiro response shows oscillatory features. The image plot of Fig. 1(f) is 118 

almost symmetric to 𝐼𝑑𝑐 = 0 nA and therefore, 𝑉(𝐼𝑑𝑐 = 0) is always zero as confirmed in Fig. 1(e).  119 

We next present the 𝐼 − 𝑉 curves measured at several 𝑃 in the range of −5 dBm ≤ 𝑃 ≤ 7.5 dBm in 120 

Fig. 2(a) and the obtained 𝑉  as a function of 𝐼𝑑𝑐  and 𝑃  in Fig. 2(c). Here 𝑓 = 2.5 GHz and 𝐵 =121 

−0.078 mT are used. Both |𝐼𝑐+| and |𝐼𝑐−| decrease and the 𝑛 = 0 supercurrent region disappears at 122 

𝑃 ≃ 6.5 dBm as 𝑃 increases within the range of −5 dBm ≤ 𝑃 ≤ 7.5 dBm, as shown in Fig. 2(a). The 123 

Shapiro steps appear as shown in Fig. 2(c). At this magnetic field, SDE becomes pronounced. We 124 

evaluate 𝜂 in the range of −5 dBm < 𝑃 < 6.5 dBm, plotted in Fig. 2(e) with blue circles. Notably, the 125 

switching currents are well-defined within this power range while the supercurrent region becomes 126 

indistinct at the higher power regime. These results indicate that 𝜂 decreases from 𝜂 = −0.17 at 𝑃 =127 

−5 dBm with increasing 𝑃, reaching 𝜂 = −0.85 at 𝑃 = 6.5 dBm. We note that 𝜂 = 0 signifies no 128 

SDE, and an increase in |𝜂| signifies an enhancement of SDE efficiency. Therefore, it is concluded 129 

that the microwave irradiation significantly enhances SDE efficiency. We note that the evaluated 𝜂 =130 

−0.17 at 𝑃 = −5 dBm is slightly smaller than 𝜂 = −0.15 with no irradiation. This indicates that the 131 

microwave irradiation at 𝑃 = −5 dBm is weak but still has a discernible effect on SDE. Additionally, 132 

in Fig. 2(a), a finite positive 𝑉 = 1.7 μV is observed even at 𝐼𝑑𝑐 = 0 nA at 𝑃 = 7.5 dBm, as indicated 133 

by the arrow. This finite positive 𝑉(𝐼𝑑𝑐 = 0) is also confirmed in Fig. 2(c) as the red region penetrating 134 

the negative current regime at 𝑃 ≃ 7.5 dBm. This unusual behavior is not observed in the Shapiro 135 

response of JJs with the time-reversal and spatial-inversion symmetries. 136 

To confirm the enhancement of SDE efficiency and 𝑉(𝐼𝑑𝑐 = 0) ≠ 0, we adjust 𝐵 to −0.054 mT, 137 

where |𝐼𝑐+| > |𝐼𝑐−|, thus switching the polarity of SDE. We have measured the Shapiro response at 138 

the same frequency, 𝑓 = 2.5 GHz. The measured 𝐼 − 𝑉 curves at different 𝑃 and 𝑉 as a function of 139 

𝐼𝑑𝑐 and 𝑃 are shown in Figs. 2(b) and (d), respectively. The evaluated 𝜂 for −5 dBm ≤ 𝑃 ≤ 6.5 dBm 140 

is presented in Fig. 2(e) with red circles. In contrast to the blue circles obtained at 𝐵 = −0.078 mT, 𝜂 141 

at 𝐵 = −0.054 mT increases with increasing 𝑃. Importantly, the red and blue results in Fig. 2(e) 142 

exhibit the same trend: SDE efficiency is enhanced by the microwave power, as |𝜂| increases with 𝑃. 143 
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Furthermore, a finite 𝑉(𝐼𝑑𝑐 = 0) = −1.5 μV is also observed at 𝑃 ≃ 7.5 dBm but the sign is opposite 144 

to that at 𝐵 = −0.078 mT. It is also confirmed that 𝑉(𝐼𝑑𝑐 = 0) ≠ 0 is obtained when the JJ2 phase 145 

difference is away from 0 and 𝜋 (see Appendix 4). These results affirm that the observed enhancement 146 

is not an artifact in the measurement setup. 147 

To validate that the observed features are intrinsic to the JJ device, we perform numerical calculations 148 

based on the RSJ model (see Appendix 5). For the calculation, we employ the current phase relation 149 

𝐼𝑠𝑐(𝜙, 𝜑) of JJ1 as a function of 𝜙 and 𝜑, the phase differences of JJ1 and JJ2, respectively(35, 65). 150 

We focus on the critical currents of JJ1, fixing 𝜑 and calculating the Shapiro response. The numerical 151 

results of 𝑉 as a function of 𝐼𝑑𝑐  and 𝐼𝑎𝑐  at 𝜑 = 0.9𝜋 and −0.9𝜋 are depicted in Figs. 3(a) and (b), 152 

respectively. The current phase relations of JJ1 at 𝜑 = 0.9𝜋 and −0.9𝜋 are indicated in Fig. 3(c) with 153 

blue and red, respectively. The evaluated 𝜂  from the numerical result is shown in Fig. 3(d). The 154 

calculation is in good agreement with the previously reported calculations for the asymmetric SC 155 

quantum interference device(46) and reproduces the experimentally observed features of the finite 156 

𝑉(𝐼𝑑𝑐 = 0) and the enhancement of 𝜂. This strongly supports the notion that our experimental results 157 

are intrinsic to the JJ device.  158 

To comprehend the physics of the observed features, we consider the mechanism of the Shapiro 159 

response using the washboard potential in the RSJ model (𝑈(𝜙) − (𝐼𝑑𝑐 + 𝐼𝑎𝑐 sin 2𝜋𝑓𝑡)𝜙). According 160 

to the AC Josephson effect, motion of a phase particle in the washboard potential yields a finite voltage 161 

following 𝑉 =
ℏ

2𝑒

𝑑𝜙

𝑑𝑡
. For example, the Shapiro step at 𝑉 = 𝑉0 in the low power regime corresponds to 162 

the phase particle moving from one valley at 𝜙𝑣 of the washboard potential to the next valley at 𝜙𝑣 +163 

2𝜋 in a single period of 𝐼𝑎𝑐 sin 2𝜋𝑓𝑡. When the JJs exhibit no SDE, the washboard potential with 𝐼𝑑𝑐 =164 

𝐼𝑎𝑐 = 0 is depicted as a dashed curve in Fig.3(e). A local slope of the potential at 𝜙 corresponds to the 165 

supercurrent in the JJs. Then 𝐼𝑐+ = |𝐼𝑐−| implies that the maximum value of the local slope equals the 166 

absolute value of the minimum local slope. We consider 𝑈(𝜙) of the JJs holding SDE. In this case, 167 

the maximum slope of the washboard potential differs from the minimum slope in the absolute value. 168 

This indicates that the potential is skewed due to the breaking of time-reversal and spatial-inversion 169 

symmetries. The potential of JJ1 at 𝜑 = −0.9𝜋 calculated from the numerically obtained current phase 170 

relation in Fig. 3(c) is shown in Fig. 3(e) with a green curve. In this scenario, the phase particle motion 171 

is confined to the negative 𝜙 direction even with 𝐼𝑑𝑐 = 0 when |𝐼𝑐−| ≤ 𝐼𝑎𝑐 < 𝐼𝑐+ as depicted in Fig. 172 

3(e). Consequently, the negative 𝑉(𝐼𝑑𝑐 = 0) appears due to the AC Josephson effect. This elucidates 173 

the observed 𝑉(𝐼𝑑𝑐 = 0) < 0  at 𝐵 = −0.066 mT under the microwave irradiation. Therefore, the 174 

observation of finite 𝑉(𝐼𝑑𝑐 = 0)  demonstrates that the JJ holds the skewed washboard potential 175 

characteristic to SDE. We note that the numerical results yield |𝑉(𝐼𝑑𝑐 = 0)| = 𝑉0  whereas 176 

|𝑉(𝐼𝑑𝑐 = 0)| ≃ 0.3 𝑉0 in the experiments. This discrepancy is attributed to the thermal activation. 177 

When the thermal activation is not ignorable, the phase particle occasionally moves to the positive 𝜙 178 

direction in a single cycle even with |𝐼𝑐−| ≤ 𝐼𝑎𝑐 < 𝐼𝑐+. This diminishes the finite |𝑉(𝐼𝑑𝑐 = 0)| from 179 

𝑉0. 180 
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Furthermore, the skewed 𝑈(𝜙) also explains the enhancement of |𝜂|. From the above discussion 181 

using the washboard potential, 𝐼𝑐+ with finite 𝐼𝑎𝑐 in 0 ≤ 𝐼𝑎𝑐 ≤ max(𝐼𝑐+, |𝐼𝑐−|) is roughly determined 182 

by 𝐼𝑐+(𝐼𝑎𝑐 = 0) = 𝐼𝑐+(𝐼𝑎𝑐) + 𝐼𝑎𝑐  because the phase particle cannot transit over the hill to the next 183 

valley of the washboard potential until 𝐼𝑑𝑐 + 𝐼𝑎𝑐 < 𝐼𝑐+ . Therefore, 𝐼𝑐+(𝐼𝑎𝑐)  and 𝐼𝑐−(𝐼𝑎𝑐)  are 184 

represented as 𝐼𝑐+(𝐼𝑎𝑐) = 𝐼𝑐+(𝐼𝑎𝑐 = 0) − 𝐼𝑎𝑐  and 𝐼𝑐−(𝐼𝑎𝑐) = 𝐼𝑐−(𝐼𝑎𝑐 = 0) + 𝐼𝑎𝑐 , respectively, 185 

resulting in 𝜂(𝐼𝑎𝑐) = 𝜂(𝐼𝑎𝑐 = 0) (1 −
2𝐼𝑎𝑐

𝐼𝑐+(𝐼𝑎𝑐=0)−𝐼𝑐−(𝐼𝑎𝑐=0)
)

−1

. From the definition of [dBm], 𝐼𝑎𝑐 ∝186 

10𝑃/20 is given. Then 𝜂(𝐼𝑎𝑐) = 𝜂(𝐼𝑎𝑐 = 0)(1 − 𝑎 ⋅ 10𝑃/20)
−1

 is obtained(48). Here the coefficient 𝑎 187 

includes information on the critical currents with 𝐼𝑎𝑐 = 0 nA and the conversion efficiency of the 188 

microwave from our signal generator to 𝐼𝑎𝑐 at the JJ device, with the assumption that the conversion 189 

efficiency is constant. We implement the numerical fitting using this equation on the red and blue 190 

circles in Fig. 2(e). The blue and red dashed curves in the figures show the fitting results with 191 

(𝜂(𝐼𝑎𝑐 = 0), 𝑎) = (−0.12, 0.42)  and (0.085, 0.40) , respectively. The fitting results are in good 192 

agreement with the experimental results. This agreement indicates that the interpretation of the 193 

mechanism to produce the enhancement of 𝜂 is valid. We note that the numerical fitting in Fig. 2(e) 194 

provides a smaller value of |𝜂(𝐼𝑎𝑐 = 0)| than experimentally obtained. This discrepancy is attributed 195 

to the higher electron temperature during the microwave irradiation. We note that the Shapiro 196 

dynamics depending on magnetic flux in the loop in the other device has been studied and it is 197 

confirmed that the obtained |𝜂(𝐼𝑎𝑐 = 0)| and 𝑎 as a function of the flux show the expected dependency 198 

from the skewed washboard potential scenario (see Appendix 6). 199 

Finally, we explore the Shapiro response at a higher frequency of 𝑓 = 4.0 GHz. The 𝐼 − 𝑉 traces 200 

with several 𝑃  at 𝐵 = −0.078  and −0.054  mT are shown in Figs. 4(a) and (b), respectively. 201 

Additionally, image plots of 𝑉  as a function of 𝐼𝑑𝑐  and 𝑃  at 𝐵 = −0.078  and −0.054  mT are 202 

displayed in Figs. 4(c) and (d), respectively. Furthermore, the evaluated 𝜂 at 𝐵 = −0.078 and −0.054 203 

mT as a function of 𝑃 is shown with blue and red circles in Fig. 4(e). The enhancement of SDE is still 204 

observed as shown in Fig. 4(e). On the other hand, 𝑉(𝐼𝑑𝑐 = 0) = 1.0 and −0.52 μV at 𝐵 = −0.078 205 

and −0.054 mT at 𝑓 = 4.0 GHz in Figs. 4(a) and (b) are less distinguishable than 𝑉(𝐼𝑑𝑐 = 0) = 1.7 206 

and −1.5 μV obtained at 𝑓 = 2.5 GHz in Figs. 2(a) and (b), respectively. The fitting results with 207 

(𝜂(𝐼𝑎𝑐 = 0), 𝑎) = (−0.13, 1.41) and (0.077, 1.39) for the blue and red circles are indicated as blue 208 

and red curves in Fig. 4(e). The observed 𝜂(𝐼𝑎𝑐 = 0) is not much different from the results at 𝑓 = 2.5 209 

GHz. Therefore, the less distinguishable 𝑉(𝐼𝑑𝑐 = 0) is not attributed to elevated electron temperature 210 

at the higher 𝑓. Instead it may be assigned to the phase particle motion originating from the capacitance 211 

parallel to the JJ. When the frequency becomes higher, the time-periodic change of the washboard 212 

potential becomes faster. When the parallel capacitance, 𝐶, is included in the RSJ model, the additional 213 

term of 
ℏ𝐶

2𝑒

𝑑2𝜙

𝑑𝑡2  acts as an acceleration of the phase particle. Then the phase particle cannot follow the 214 

change of the potential landscape and then cannot move out of the bottom of the valley even with 215 
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𝐼𝑐+ ≤ 𝐼𝑎𝑐 < −𝐼𝑐−.  216 

In summary, we experimentally explore the Shapiro response of SDE using coupled JJ devices 217 

fabricated from an InAs quantum well covered with an epitaxially grown Aluminum film. We find two 218 

major features: enhancement of 𝜂 and finite 𝑉(𝐼𝑑𝑐 = 0) in the response, which cannot be found in the 219 

Shapiro response of JJs with no SDE. Our numerical calculation based on the RSJ model with the 220 

current phase relation of the coupled JJ reproduces the two major features. The anomalous response 221 

can be attributed to the phase particle dynamics in the skewed washboard potential of the JJs with SDE. 222 

The demonstrated method and underlying physics are applicable to SDE in various JJ devices. It is 223 

noted that this method decreases the critical current while the SDE efficiency increases. Therefore, it 224 

would not be a great solution to realize rectifiers useful in SC circuits but our results contribute to 225 

establishing the fundamental physics of dynamics in SDE systems. 226 

 227 

Appendix 228 

1. Sample growth, device fabrication, and measurement setup 229 

The wafer has been grown on a semi-insulating InP substrate by molecular beam epitaxy. The stack 230 

materials from the bottom to top are a 100 nm In0.52Al0.48As buffer, a 5 period 2.5 nm In0.53Ga0.47As/2.5 231 

nm In0.52Al0.48As superlattice, a 1μm thick metamorphic graded buffer stepped from In0.52Al0.48As to 232 

In0.84Al0.16As, a 33 nm graded In0.84Al0.16As to In0.81Al0.19As layer, a 25 nm In0.81Al0.19As layer, a 4 nm 233 

In0.81Ga0.19As lower barrier, a 5 nm InAs quantum well, a 10 nm In0.81Ga0.19As top barrier, two 234 

monolayers of GaAs and finally an 8.7 nm layer of epitaxial Al. The top Al layer has been grown in 235 

the same chamber without breaking the vacuum. A two-dimensional electron gas (2DEG) is 236 

accumulated in the InAs quantum well layer. 237 

In the fabrication process, we have performed wet etching of the unnecessary epitaxial Aluminum 238 

with a type-D aluminum etchant to form JJs and SC loops with conventional electron beam lithography 239 

techniques.  240 

For the microwave irradiation, we have installed a high-frequency coaxial line in our dilution fridge. 241 

The coaxial line is made of NbTi (coax Co., Ltd). Two attenuators (XMA) have been inserted in the 242 

line. 20 dB, and 5 dB attenuators have been attached on the 4K plate, and 100 mK plate in our fridge, 243 

respectively. We have injected the rf power from our signal generator (Anapico APSIN20G). We note 244 

that 10 mK of our base temperature does not mean 10 mK of the electron temperature. 245 

 246 

2. Device structure 247 

An optical image of our device is indicated in Fig. 5(a). The SC loop consists of JJ2 and the SC leads 248 

with 600 nm width. The loop is described with the dashed rectangular in Fig. 5(a). The SC loop area 𝑆 is 249 

11.4 μm2. The expected period of the critical current oscillation is calculated as 2𝜋𝐵𝑆/Φ0 = 0.18 mT. 250 

Our observed period is slightly smaller than the expected value likely due to the effect of flux focusing or 251 

the wider loop area than the design due to the side etching in the Aluminum wet etching process. JJ1 and 252 

JJ2 are both fabricated with 1.6 m width and 80 nm junction length. The shared SC lead has a 160 nm 253 
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separation between JJ1 and JJ2. The distance is much shorter than the bulk coherence length of Aluminum 254 

(~1 μm). 255 

 256 

3. The 𝑰 − 𝑽 curves obtained with the different 𝑰𝐝𝐜 sweep directions 257 

The 𝐼 − 𝑉 curves can hold hysteresis to the current sweep direction when there is a parallel capacitance 258 

in addition to the RSJ model (namely, when we consider the resistively and capacitively shunted model). 259 

In this case, 𝐼𝑐+ (𝐼𝑐−) should be defined from the 𝐼 − 𝑉 curve with the positive (negative) sweep direction. 260 

Then it is necessary to confirm if the hysteresis is observed in our measurement setup or not.  261 

Figure 5(b) represents the 𝐼 − 𝑉  curves obtained with 𝑓 = 2.5 GHz in −5 ≤ 𝑃 ≤ −20  dBm at 𝐵 =262 

−0.054 mT. The circles and lines with the same colors are obtained with the positive and negative current 263 

sweeps at the same P, respectively. The circles and lines obtained at the same 𝑃 are highlighted with the 264 

same colors. Then hysteresis can appear when the circles and lines with the same colors are compared. In 265 

the results, the difference between circles and lines is less compared to the data resolution. Namely, the 266 

hysteresis is ignorable, meaning that JJ1 is highly overdamped and it is justified to use the RSJ model instead 267 

of the RCSJ model for the numerical calculation to reproduce our experimental results.  268 

 269 

4. 𝑽(𝑰𝒅𝒄 = 𝟎) as a function of 𝑷 and 𝑩 270 

To verify that the finite 𝑉(𝐼𝑑𝑐 = 0) depends on the current phase relation modulated from the JJ2 phase 271 

difference, we measured the 𝑉(𝐼𝑑𝑐 = 0) as a function of 𝑃 in −0.09 < 𝐵 < 0.09 mT at 𝑓 = 2.5 GHz. 272 

Figure 5(c) indicates the obtained 𝑉(𝐼𝑑𝑐 = 0). 𝑉(𝐼𝑑𝑐 = 0) becomes significant above the noise of 𝑉 in the 273 

range of 5 < 𝑃 < 10 dBm. Importantly, the sign of 𝑉(𝐼𝑑𝑐 = 0) becomes opposite around 𝐵 =274 

−0.066 mT and 0 mT. These points correspond to the time-reversal symmetric conditions that SDE has 275 

not been observed at 0 or 𝜋 of the JJ2 phase difference. This result means that the finite 𝑉(𝐼𝑑𝑐 = 0) is one 276 

of the features in the dynamics observed in SDE device. This supports our conclusion that the observed 277 

Shapiro response discussed in the main text is derived from the JJ1 current phase relation modulated by 278 

JJ2 through Andreev molecules. 279 

 280 

5. Numerical calculation of the current phase relation 281 

We performed the numerical calculation based on the RSJ model as discussed in the main text. The 282 

calculation is based on the normalized RSJ model with 𝜏 ≡ 2𝑒𝑅𝐼𝑐𝑡/ℏ as  283 

𝑑𝜙

𝑑𝜏
+

𝐼𝑠𝑐(𝜙)

𝐼𝑐
=

𝐼𝑑𝑐

𝐼𝑐
+

𝐼𝑎𝑐

𝐼𝑐
sin 2𝜋𝑓

ℏ

2𝑒𝑅𝐼𝑐
𝜏 284 

Here 𝐼𝑐 is the critical current. 𝐼𝑠𝑐(𝜙) is calculated from the two-dimensional current phase relation, 285 

𝐼𝑠𝑐(𝜙, 𝜑) of the coupled JJs calculated from the tight-binding model studied in our previous 286 

reports(35, 65). For the calculation in Figs. 3(a) and (b), the current phase relations of the JJs in the RSJ 287 

model are given as 𝐼𝑠𝑐(𝜙, 𝜑 = 0.9𝜋) and 𝐼𝑠𝑐(𝜙, 𝜑 = −0.9𝜋), which are shown in Fig.3(c). We 288 

performed the calculations with 𝑅𝐼𝑐 = 30 μV and 𝑓 = 2.5 GHz. 289 

 290 
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6. Reproducibility in a different device 291 

We checked the data reproducibility with a different device B. To confirm the reproducibility, we 292 

fabricated the device with a slightly different structure from the device discussed in the main text. The 293 

structure of the device B is depicted in Fig. 6(a). JJ1 and JJ2 are fabricated with 1.2 m width and 70 nm 294 

junction length. The shared SC lead has a 160 nm separation between JJ1 and JJ2. 295 

We put two gate electrodes on JJ1 and JJ2 for local control of the JJs and other gate electrodes (G2deg) to 296 

deplete electrons in the InAs quantum well other than the JJs. For the below experiments, we always apply 297 

-4 V on the gate G2deg. For the measurement, we used a different dilution refrigerator and electronics. 298 

Especially, we used a small local superconducting solenoid coil to induce the magnetic flux in the SC loop 299 

to control the phase difference of JJ2 (we used an SC magnet in the main text).  300 

Figure 6(c) indicates SDE observed in device B. In this device and setup, hysteresis is observed in the 301 

𝐼 − 𝑉 traces due to the underdamped behavior. Then we define the positive and negative switching 302 

currents, 𝐼𝑠𝑤+ and 𝐼𝑠𝑤−, from the traces obtained with the current sweep from negative to positive and vice 303 

versa, respectively. The positive and negative retrap currents, 𝐼𝑟+ and 𝐼𝑟−, are also evaluated from the 304 

traces with the negative and positive sweep of the bias current, respectively. SDE which is dependent on 305 

the phase difference of JJ2 controlled by the voltage on the solenoid coil, 𝑉𝑐𝑜𝑖𝑙  is observed as expected 306 

from the coherent coupling between two JJs.  307 

The Shapiro responses of SDE at 𝑉𝑐𝑜𝑖𝑙 = -1.27 and -0.46 V are studied. The microwave of 𝑓 = 3 GHz is 308 

irradiated for the Shapiro response measurements. The observed 𝑉 as a function of 𝐼 and 𝑃 at 𝑉𝑐𝑜𝑖𝑙 = -1.27 309 

V( -0.46 V) with the different current sweep directions are exhibited in Figs. 7(a) and (c) ((b) and (d)). 310 

From the results, the evaluated SC diode efficiency 𝜂 as a function of 𝑃 at both 𝑉coil values is shown in 311 

Fig. 8(a) with the solid curves. 𝜂(𝐼𝑎𝑐 = 0) and 𝑎 obtained by the numerical fitting are represented in Fig. 312 

8(b). We note that no error bar for a=0 on 𝑉𝑐𝑜𝑖𝑙 = −0.94 V indicates that the bar exceeds the plot 313 

bounds. At this condition, 𝜂 vs. P does not change rapidly and so 𝑎 is ineffective in the fitting. As 314 

expected, the obtained 𝜂(𝐼𝑎𝑐 = 0) as a function of 𝑉coil follows the trend of the SDE with no microwave 315 

irradiation in Fig. 6(c). The obtained 𝑎 in Fig. 8(b) increases as 𝑉coil changes to reduce |𝐼sw| except for 316 

𝑉coil ≃ −1 V where the SDE vanishes. This derives from 𝑎 ∝ (|𝐼sw+(𝐼𝑎𝑐 = 0)| + |𝐼sw−(𝐼𝑎𝑐 = 0)|)−1. 317 

Due to this relation, the smaller |𝐼sw| produces larger 𝑎. Then, this dependency also supports that the 318 

phase particle dynamics in the skewed washboard generates the peculiar Shapiro dynamics including the 319 

SDE efficiency enhancement.  320 

 321 

7. Difference between device A and device B 322 

 Since our device includes the SC loop, one can imagine that the bias current in the SC loop in device A can 323 

produce the SDE and the observed SDE is not related to the AMS. To confirm that our SDE originates from 324 

the AMS, we consider the structures of device A and device B. We observed the SDE also in device B 325 

whose structure differs slightly from that of device A. In device A, discussed in the main manuscript, 326 

the bias current induced from the upper SC electrode in Fig.1(b) flows through JJ1 to the GND 327 

connected to the lower part of the SC loop. In this case, the trivial contribution from the SC loop 328 
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inductance including the phase shift of JJ2 by the bias current should be considered, as you pointed 329 

out. On the other hand, in device B (Fig. 6(a)), the bias current is induced from the upper SC electrode, 330 

with the GND connected to the center electrode. We described the device structures in Fig. 6(b). In 331 

this configuration, the bias current does not flow through JJ2 and the SC loop. Additionally, we have 332 

studied another device in which the position of JJ2 is shifted to make 1 μm of a distance between JJ1 333 

and JJ2 in Fig. S13 of our previous paper(35). If the bias current in the SC loop were responsible for 334 

the SDE, we could expect the finite SDE in the data. However, in the device, no SDE is observed. 335 

Then the bias current in the SC loop is eliminated as the source of the observed SDE. Only the coherent 336 

coupling of JJ1 and JJ2 can affect JJ2 because the bias current in JJ1 changes 𝜙,  modifying the 337 

supercurrent and 𝜑 in JJ2 through the AMS. In device B, we observed the SDE and the same features 338 

in the Shapiro response. Then we conclude that we demonstrated the Shapiro response of the SDE 339 

from the AMS.  340 

 341 

8. Critical current in the shared SC lead 342 

 We measured the 𝐼 − 𝑉 trace of the JJ device consisting of the 1 μm-width SC lead on the same Al/InAs 343 

quantum well with the larger bias current range as shown in Fig. 9. A small jump occurs at 𝐼dc = 0.6 mA 344 

corresponding to the critical current in our SC leads of the loop. Since the width of this loop is 1 μm, the 345 

critical current of the shared SC lead whose width is 160 nm can be estimated as around 0.1 mA. This is 346 

sufficiently large compared with the bias current used in our experiment discussed in the main text 347 

(~0.6 μA). Then we ignore the screening current effect in the shared SC lead because the screening current 348 

should be smaller than the critical current of JJ2 which is comparable with that in JJ1.  349 
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Figures 548 

 549 

 550 

Fig. 1. (a) is an electrical circuit for the resistively shunted junction model. (b) is a schematic image 551 

of our device structure and measurement setup. The blue and grey regions indicate the quantum well 552 

wafer surfaces with and without Aluminum thin film. (c) shows 𝐼 − 𝑉 traces at 𝐵 =553 

−0.078, −0.066, and −0.054 mT with no irradiation with blue, green, and red curves, respectively. 554 

(d) represents 𝐼𝑐+ and 𝐼𝑐− in the absolute value as a function of 𝐵 with red and blue curves, 555 

respectively. (e) indicates 𝐼 − 𝑉 traces at 𝐵 =  −0.066 mT with the microwave irradiation of 𝑓 =556 

2.5 GHz at several 𝑃 in -5 dBm≤ 𝑃 ≤ 7.5 dBm. (f) is 𝑉 as a function of 𝐼𝑑𝑐  and 𝑃. The image plot is 557 

almost symmetric to 𝐼𝑑𝑐 = 0 nA. 558 

  559 
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 560 

Fig. 2. (a) and (b) indicate 𝐼 − 𝑉 traces at 𝑓 = 2.5 GHz in −5 dBm ≤ 𝑃 ≤ 7.5 dBm at 𝐵 = −0.078 561 

and -0.054 mT, respectively. The darker blue curves are obtained at smaller 𝑃. 𝑉(𝐼𝑑𝑐 = 0) becomes 562 

finite at 𝑃 = 7.5 dBm as arrowed. (c) and (d) show image plots of 𝑉 as a function of 𝐼𝑑𝑐 and 𝑃 at 563 

𝐵 = −0.078 and -0.054 mT, respectively. The images are asymmetric to 𝐼𝑑𝑐 = 0 nA. The red region 564 

in (c) and the blue region in (d) penetrates the negative and positive 𝐼𝑑𝑐 regime in the vicinity of 𝑃 =565 

7.5 dBm, respectively. (e) shows evaluated 𝜂 as a function of 𝑃 at 𝐵 = −0.078 and −0.054 mT with 566 

blue and red circles, respectively. The solid curves indicate the fitting results.  567 

 568 

 569 
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 571 

 572 

Fig. 3. The numerical results of 𝑉 as a function of 𝐼𝑑𝑐 and 𝑃 with 𝜑 = 0.9𝜋 and −0.9𝜋 are shown in 573 

(a) and (b), respectively. (c) represents the current phase relation of JJ1 as a function of 𝜙 at 𝜑 =574 

±0.9𝜋, which is used for (a) and (b). The green curve indicates the current phase relation at 𝜑 = 𝜋. 575 

(d) indicates 𝜂 evaluated from the results. (e) exhibits the potential landscape of 𝑈(𝜙) for the JJ 576 

without and with SDE, 𝑈(𝜙) − 𝐼𝑎𝑐𝜙 with SDE, and 𝑈(𝜙) + 𝐼𝑎𝑐𝜙 with SDE represented by the 577 

dashed black, solid green, red, and blue curves, respectively. 𝑈(𝜙) with SDE is calculated from the 578 

current phase relation of JJ1 at 𝜑 = −0.9𝜋. The image corresponds to the situation of |𝐼𝑐−| < 𝐼𝑎𝑐 <579 

𝐼𝑐+. The phase particle rolls the blue landscape to the negative 𝜙 direction while it does not go out of 580 

the valley in the red case. 581 

 582 
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 584 

 585 

Fig. 4. (a) and (b) show 𝐼 − 𝑉 traces at 𝑓 = 4.0 GHz in −10 dBm ≤ 𝑃 ≤ −3.0 dBm at 𝐵 = −0.078 586 

and -0.054 mT, respectively. (c) and (d) represent image plots of 𝑉 as a function of 𝐼𝑑𝑐 and 𝑃 at 𝐵 =587 

−0.078 and -0.054 mT, respectively. (e) is evaluated 𝜂 as a function of 𝑃 at 𝐵 = −0.078 and 588 

−0.054 mT with blue and red circles, respectively. The solid curves indicate the fitting results.  589 
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 595 
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 599 

 600 

 601 

 602 
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 604 

 605 

 606 

 607 

 608 

 609 

 610 

Fig. 5: (a) An optical image of the device. The white and gray regions are the Aluminum electrodes and the naked 611 

InAs well, respectively. The dark gray regions were deeply etched to form the mesa. (b) The obtained 𝑽 as a function 612 

of 𝑰𝒅𝒄 in −𝟓 < 𝑷 < 𝟐𝟎 dBm. The circles and lines with the same colors represent the results obtained with the positive 613 

and negative current sweep, respectively. There is little difference between the circles and lines, meaning ignorable 614 

hysteresis in the 𝑰 − 𝑽 traces. (c) 𝑽 at 𝑰𝒅𝒄 = 𝟎 as a function of 𝑷 and 𝑩 at 𝒇 = 𝟐. 𝟓 GHz. The  finite voltage appears 615 

when the phase difference of JJ2 is away from 𝝋 = 𝟎, 𝝅. 616 

 617 

 618 
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Fig. 6: (a) A schematic image of device B. We depleted the carriers in the two dimensional electron gas other than 620 

the Josephson junctions by using a gate (G2deg). (b) Schematic diagrams of device A and device B. In the configuration 621 

of device A, the bias current flows in the SC loop while the current does not flow in the loop in the device B case. 622 

(c) Observed 𝑰𝒔𝒘+
 and 𝑰𝒔𝒘−

 as a function of the magnetic flux in the SC loop controlled by 𝑽𝒄𝒐𝒊𝒍. The retrap currents, 623 

𝑰𝒓+ and 𝑰𝒓− are also exhibited. 624 
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 657 

 658 

 659 

 660 

Fig. 7: (a) and (c) represent 𝑽 as a function of 𝑷 and 𝑰𝒅𝒄 at 𝑽𝒄𝒐𝒊𝒍 = −𝟏. 𝟐𝟕 V with 𝒇 = 𝟑 GHz with the current sweep 661 

direction along the black arrows. (b) and (d) represent 𝑽 as a function of 𝑷 and 𝑰𝒅𝒄 at 𝑽𝒄𝒐𝒊𝒍 = −𝟎. 𝟒𝟔 V with 𝒇 = 𝟑 662 

GHz with the current sweep direction along the black arrows.  663 

 664 

 665 

Fig. 8: (a) The curves are the evaluated 𝜼 from the experimental data at 𝑽𝐜𝐨𝐢𝐥 =  −𝟎. 𝟏, −𝟎. 𝟑, −𝟎. 𝟓, −𝟎. 𝟖, −𝟏. 𝟎,666 

−𝟏. 𝟑, −𝟏. 𝟓, −𝟏. 𝟖, −𝟐. 𝟎 V as a function of 𝑷. (b) 𝜼(𝑰𝒂𝒄 = 𝟎) and 𝒂 obtained by the numerical fitting on the 667 

curve of 𝜼 as a function of P. 668 
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 679 

 680 

Fig. 9: The obtained 𝑰 − 𝑽 trace of the JJ device with 1 𝛍m-width SC lead. 681 
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