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Abstract
The superconducting diode effect (SDE) is a phenomenon that has attracted significant attention for
its potential to establish new Josephson junction (JJ) physics and its application as a rectifier in
Josephson circuits. While many experimental platforms for SDE have been reported, only a few
demonstrate high efficiency. One promising system is a JJ coherently coupled with a second JJ
embedded in a superconducting loop, where SDE is controllable in direction via the phase difference.
Here we study SDE in such devices under microwave irradiation. With the appearance of Shapiro steps,
SDE efficiency increases as the microwave power is raised. Additionally, a finite direct current (DC)
voltage difference appears without any DC bias current at high microwave powers. These results are
explained by the dynamics of the JJ’s washboard potential, which are common to all SDE systems.
Our findings enhance the understanding of SDE dynamics and expand their potential applications.
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A Josephson junction (JJ) is a representative superconducting (SC) device consisting of two weakly-
linked superconductors through insulators or normal conductors(1). JJs have been studied to engineer
quantum effects in solid-state devices, enabling realization of SC quantum computing and highly
sensitive magnetic sensors. Recently, SC diode effect (SDE) has attracted much attention as a new
probe of SC physics such as the Josephson effect with neither time-reversal nor spatial-inversion
symmetries and as a route to develop efficient rectifiers in SC circuits for applications(2-10). SDE is
characterized by non-reciprocal SC transport, where the critical current in the positive direction, I..,
differs in the absolute value from the critical current in the negative direction, I._. Various SC devices
exhibit SDE based on different microscopic mechanisms, such as the vortex ratchet effect(11-14), SC
quantum interference(15-19), finite-momentum Cooper pairing originating from the spin-orbit
interactions in the presence of Zeeman splitting or ferromagnetism(6, 7, 20-28), and multiterminal

JJs(29-38). SDE is quantitatively characterized by the efficiency n = M Ideally, n =1 is

L4 |+Tc-
desired for future applications but such a system is rare. Therefore, methods to significantly enhance
SDE efficiency n and elucidate the underlying physics are important alongside studies of the effect in
various candidate systems.

We focus on the Shapiro response(39-45) of JJs to enhance SDE efficiency n. The enhancement of
n in the Shapiro response has been theoretically considered in an asymmetric superconducting
quantum interference device (SQUID)(46, 47), which is comparable to other SDE platforms in JJs(48).
To discuss the critical currents of a JJ device, the resistively shunted junction (RSJ) model(49, 50) is
considered. The circuit is shown in Fig. 1(a). We set the JJ device in which the supercurrent I;.(¢)
has a 2m periodicity of the phase difference ¢, contacted to a resistor R in parallel. The irradiated
microwave generates the alternating current (AC current) flowing in the circuit in addition to the direct
current (DC current) so that the bias current is written as I;. + I, sin 2ntft. I, 1, f and t are the
DC current, the AC current, the frequency, and time, respectively. From the Kirchhoff’s law, a sum of
current in the resistor and the JJ should be the bias current. From the AC Josephson effect, the voltage

_1_do

on the JJ is described as i@, giving —
2e dt 2eR dt

. + I, (p) = 4. + I, sin2nft . This equation is

interpreted as dynamics of a particle who moves along the ¢ axis with the washboard potential U(¢) —
(Ige + 15 sin 2 ft) ¢ with U(¢p) = [ I,.(¢)d¢p. This model equation means that the DC current of JJ
makes the washboard potential tilted, and the finite voltage appears on the JJ when the washboard
potential allows the particle to roll unidirectional on average. Therefore, when the JJ exhibits SDE, the
potential U(¢) is skewed. This model with the skewed potential produces enhancement of SDE
efficiency with microwave irradiation. Experimental demonstrations of the enhanced SDE by
microwave irradiation have been reported in a SQUID(18) and single JJs of InAs nanowires(51).
Here we study the Shapiro response in a system where coherently coupled JJs create SDE. The
coupled JJs have a device structure in which two JJs share one or two short SC electrodes(52-55). In
the structure, the Andreev bound states in the respective JJs are hybridized to form phase-tunable
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Andreev molecules(56—61). Phase control of the Andreev molecules generates SDE without the need
for strong magnetic fields(35, 37, 62). Consequently, SDE efficiencies of around 10~30 % have been
experimentally obtained. We demonstrate that SDE efficiency is enhanced due to the Shapiro response.
The efficiency enhancement is reproduced by our numerical calculations and explained by an
analytical formula. These results indicate that the phase particle dynamics in the washboard potential
of the JJ holding SDE generate the efficiency enhancement. This will contribute to understanding of
SDE dynamics and development of the rectifiers useful in SC circuits.

The device has been fabricated from an InAs quantum well covered with an epitaxially grown
Aluminum film(63, 64). The device structure is depicted in Fig. 1(b). The device consists of two JJs,
JJ1 and JJ2. JJ2 is embedded in an SC loop to control the phase difference by an out-of-plane magnetic
field, B. The critical current of JJ1 which is outside of the SC loop is studied. In this device, SDE is
observed in JJ1 critical currents systematically as a function of B because of the Andreev molecule in
the two JJs(35, 37, 54, 56, 62, 65-67). We note that the critical current of JJ1 is sufficiently smaller
than that of the SC loop because the SC loop holds only a single JJ (JJ2) and then the critical current
of the SC loop should be similar to the Aluminum critical current (~0.1 mA) (see Appendix 8). The
separation between two JJs is 160 nm which is smaller than the coherence length of the Al/InAs
quantum well in the literature(68, 69). Then, we have measured the critical currents of JJ1 as a function
of B under microwave irradiation with varied power (P) and at frequency (f) (see Appendix 1 and 2).
The measurement has been implemented at the base temperature (~10 mK) in a dilution refrigerator.
We present results of one device in the main text and the reproducible results in a second device (see
Appendix 6 and 7).

First, we characterize the SC transport of our device. Figure 1(c) shows the voltage difference (V) on
JJ1 as a function of the bias direct current (I;.) at B = 0.078,0.066, and 0.054 mT. The supercurrent
flows through JJ1 in the white region in Fig. 1(c). Clear switching behavior from the supercurrent
regime to the normal conduction regime is found and used to extract values for the critical current.
Forward and reverse critical currents I, and I._ are defined as the currents at the threshold voltages
of ¥ =1 uV and —1 uV, respectively. The evaluated absolute values of I, and I._ at different B are
plotted in Fig. 1(d) as red and blue curves, respectively. We observe that changing B causes the critical
currents to oscillate due to modification of the phase difference over JJ2. The oscillation period of
0.144 mT is almost consistent with the period of 0.181 mT calculated from the SC loop area. The small
difference between the periods can be attributed to magnetic focusing from the SC leads. This is
because the critical current of JJ1 is modulated via Andreev molecules in JJ1 and JJ2 as already
reported(54). We focus on the oscillation around B = 0 mT to reduce the possible contribution of the
screening current. The bias current in the SC loop possibly produces the SDE. However, such SDE
contribution can be eliminated by connecting the ground to the center SC electrode, because the bias
current does not flow in the SC loop in this configuration (see Appendix 6 and 7).

SDE, |I.,| # |1.—| emerges as expected from the Andreev molecules in JJ1 and JJ2. SDE efficiency
n can be evaluated from the results in Fig. 1(c), yielding values of n = —0.15 (B = —0.078 mT),
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0.035 (B = —0.066 mT), and 0.14 (B = —0.054 mT). From the results in Fig. 1(d), n ranges from
—0.15t0 0.16 for —0.10 < B < 0.05 mT. This result indicates that control of SDE by B can only
increase |n| to a maximum of 0.16. We note that /., and I._ do not depend on the sweep direction of
14, indicating that JJ1 is overdamped and the RSJ model is suitable for evaluating SC transport (see
Appendix 3).

We irradiate the device with microwaves from a nearby antenna and measure the I — V curves with
B fixed. First, we study the I — V curves at several microwave powers (P) and obtained V as a
function of ;. and P with microwave frequency f = 2.5 GHz and B = —0.066 mT in Figs. 1(e) and
(F), respectively. At this magnetic field, SDE is almost negligible. The Shapiro steps appear at V =

nVy (n =0,+1,+2). Here V, = M o~ 517 uV. The V = 0 supercurrent region can be found in the

2e
range of —5 dBm < P < 6.5 dBm although the transition becomes vague as P increases into the high-
power regime where the Shapiro response shows oscillatory features. The image plot of Fig. 1(f) is
almost symmetric to I;. = 0 nA and therefore, V (I;. = 0) is always zero as confirmed in Fig. 1(e).

We next present the I — V' curves measured at several P in the range of —5dBm < P < 7.5 dBm in
Fig. 2(a) and the obtained V as a function of I;. and P in Fig. 2(c). Here f = 2.5 GHz and B =
—0.078 mT are used. Both |I., | and |I._| decrease and the n = 0 supercurrent region disappears at
P = 6.5 dBm as P increases within the range of —5 dBm < P < 7.5 dBm, as shown in Fig. 2(a). The
Shapiro steps appear as shown in Fig. 2(c). At this magnetic field, SDE becomes pronounced. We
evaluate n in the range of —5 dBm < P < 6.5 dBm, plotted in Fig. 2(e) with blue circles. Notably, the
switching currents are well-defined within this power range while the supercurrent region becomes
indistinct at the higher power regime. These results indicate that n decreases fromn = —0.17 at P =
—5 dBm with increasing P, reaching n = —0.85 at P = 6.5 dBm. We note that n = 0 signifies no
SDE, and an increase in |n| signifies an enhancement of SDE efficiency. Therefore, it is concluded
that the microwave irradiation significantly enhances SDE efficiency. We note that the evaluated n =
—0.17 at P = —5 dBm is slightly smaller than n = —0.15 with no irradiation. This indicates that the
microwave irradiation at P = —5 dBm is weak but still has a discernible effect on SDE. Additionally,
in Fig. 2(a), a finite positive V' = 1.7 uV is observed even at I;. = 0 nA at P = 7.5 dBm, as indicated
by the arrow. This finite positive V (I;. = 0) is also confirmed in Fig. 2(c) as the red region penetrating
the negative current regime at P ~ 7.5 dBm. This unusual behavior is not observed in the Shapiro
response of JJs with the time-reversal and spatial-inversion symmetries.

To confirm the enhancement of SDE efficiency and V(I;. = 0) # 0, we adjust B to —0.054 mT,
where |I.,| > |I._|, thus switching the polarity of SDE. We have measured the Shapiro response at
the same frequency, f = 2.5 GHz. The measured I — V' curves at different P and V as a function of
14 and P are shown in Figs. 2(b) and (d), respectively. The evaluated n for =5 dBm < P < 6.5 dBm
is presented in Fig. 2(e) with red circles. In contrast to the blue circles obtained at B = —0.078 mT, n
at B = —0.054 mT increases with increasing P. Importantly, the red and blue results in Fig. 2(e)
exhibit the same trend: SDE efficiency is enhanced by the microwave power, as |n| increases with P.
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Furthermore, a finite V(I;. = 0) = —1.5 uV is also observed at P =~ 7.5 dBm but the sign is opposite
to that at B = —0.078 mT. It is also confirmed that V(I;. = 0) # 0 is obtained when the JJ2 phase
difference is away from 0 and m (see Appendix 4). These results affirm that the observed enhancement
IS not an artifact in the measurement setup.

To validate that the observed features are intrinsic to the JJ device, we perform numerical calculations
based on the RSJ model (see Appendix 5). For the calculation, we employ the current phase relation
I,.(¢, @) of JJ1 as a function of ¢ and ¢, the phase differences of JJ1 and JJ2, respectively(35, 65).
We focus on the critical currents of JJ1, fixing ¢ and calculating the Shapiro response. The numerical
results of V as a function of ;. and I, at ¢ = 0.9 and —0.97 are depicted in Figs. 3(a) and (b),
respectively. The current phase relations of JJ1 at ¢ = 0.9 and —0.97 are indicated in Fig. 3(c) with
blue and red, respectively. The evaluated n from the numerical result is shown in Fig. 3(d). The
calculation is in good agreement with the previously reported calculations for the asymmetric SC
quantum interference device(46) and reproduces the experimentally observed features of the finite
V(I4. = 0) and the enhancement of n. This strongly supports the notion that our experimental results
are intrinsic to the JJ device.

To comprehend the physics of the observed features, we consider the mechanism of the Shapiro
response using the washboard potential in the RSJ model (U(¢p) — (14, + I, sin 2mft)¢). According
to the AC Josephson effect, motion of a phase particle in the washboard potential yields a finite voltage

following V = %%. For example, the Shapiro step at V = V,, in the low power regime corresponds to

the phase particle moving from one valley at ¢,, of the washboard potential to the next valley at ¢,, +
2m inasingle period of I, sin 2mft. When the JJs exhibit no SDE, the washboard potential with /;. =
1, = 0 is depicted as a dashed curve in Fig.3(e). A local slope of the potential at ¢ corresponds to the
supercurrent in the JJs. Then 1., = |I._| implies that the maximum value of the local slope equals the
absolute value of the minimum local slope. We consider U(¢) of the JJs holding SDE. In this case,
the maximum slope of the washboard potential differs from the minimum slope in the absolute value.
This indicates that the potential is skewed due to the breaking of time-reversal and spatial-inversion
symmetries. The potential of JJ1 at ¢ = —0.97 calculated from the numerically obtained current phase
relation in Fig. 3(c) is shown in Fig. 3(e) with a green curve. In this scenario, the phase particle motion
is confined to the negative ¢ direction even with I;. = 0 when |I._| < I,. < I, as depicted in Fig.
3(e). Consequently, the negative V (I;. = 0) appears due to the AC Josephson effect. This elucidates
the observed V(I;. = 0) < 0 at B = —0.066 mT under the microwave irradiation. Therefore, the
observation of finite V(I;. = 0) demonstrates that the JJ holds the skewed washboard potential
characteristic to SDE. We note that the numerical results yield [V(I;. = 0)| =V, whereas
[V(I;. = 0)| = 0.3V, in the experiments. This discrepancy is attributed to the thermal activation.
When the thermal activation is not ignorable, the phase particle occasionally moves to the positive ¢
direction in a single cycle even with |I._| < I,. < I.,. This diminishes the finite |V (I;. = 0)| from
V.
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Furthermore, the skewed U(¢) also explains the enhancement of |n|. From the above discussion
using the washboard potential, 1., with finite I, in 0 < I, < max(I.,, |I._|) is roughly determined
by I.. (I = 0) =1.,.(I,.) + I, because the phase particle cannot transit over the hill to the next
valley of the washboard potential until I;. + I,. < I., . Therefore, I.,(I,.) and I._(I,.) are
represented as I.y(lge) = Ioo (e =0) =1y and I._(Ig) = 1._(I4zc = 0) + 1. , respectively,

2lg¢
Iex(Uge=0)=I¢—_(Iqc=0)

-1
resulting in n(I,.) = n(l,. = 0) (1 - ) . From the definition of [dBm], I, «

10772 is given. Then n(Iye) = nee = 0)(1—a- 10"/20)_1 is obtained(48). Here the coefficient a

includes information on the critical currents with I,. = 0 nA and the conversion efficiency of the
microwave from our signal generator to I, at the JJ device, with the assumption that the conversion
efficiency is constant. We implement the numerical fitting using this equation on the red and blue
circles in Fig. 2(e). The blue and red dashed curves in the figures show the fitting results with
MUy =0),a) = (—0.12,0.42) and (0.085,0.40), respectively. The fitting results are in good
agreement with the experimental results. This agreement indicates that the interpretation of the
mechanism to produce the enhancement of 7 is valid. We note that the numerical fitting in Fig. 2(e)
provides a smaller value of |n(I,. = 0)| than experimentally obtained. This discrepancy is attributed
to the higher electron temperature during the microwave irradiation. We note that the Shapiro
dynamics depending on magnetic flux in the loop in the other device has been studied and it is
confirmed that the obtained |n(I,. = 0)] and a as a function of the flux show the expected dependency
from the skewed washboard potential scenario (see Appendix 6).

Finally, we explore the Shapiro response at a higher frequency of f = 4.0 GHz. The I — V traces
with several P at B = —0.078 and —0.054 mT are shown in Figs. 4(a) and (b), respectively.
Additionally, image plots of V as a function of I;. and P at B = —0.078 and —0.054 mT are
displayed in Figs. 4(c) and (d), respectively. Furthermore, the evaluated n at B = —0.078 and —0.054
mT as a function of P is shown with blue and red circles in Fig. 4(e). The enhancement of SDE is still
observed as shown in Fig. 4(e). On the other hand, V(I;. = 0) = 1.0 and —0.52 uV at B = —0.078
and —0.054 mT at f = 4.0 GHz in Figs. 4(a) and (b) are less distinguishable than V(I;. = 0) = 1.7
and —1.5 pV obtained at f = 2.5 GHz in Figs. 2(a) and (b), respectively. The fitting results with
(Mg = 0),a) = (—0.13,1.41) and (0.077, 1.39) for the blue and red circles are indicated as blue
and red curves in Fig. 4(e). The observed n(I,. = 0) is not much different from the results at f = 2.5
GHz. Therefore, the less distinguishable V(1. = 0) is not attributed to elevated electron temperature
at the higher f. Instead it may be assigned to the phase particle motion originating from the capacitance
parallel to the JJ. When the frequency becomes higher, the time-periodic change of the washboard
potential becomes faster. When the parallel capacitance, C, is included in the RSJ model, the additional

2
term of Z—Z% acts as an acceleration of the phase particle. Then the phase particle cannot follow the
change of the potential landscape and then cannot move out of the bottom of the valley even with
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In summary, we experimentally explore the Shapiro response of SDE using coupled JJ devices
fabricated from an InAs quantum well covered with an epitaxially grown Aluminum film. We find two
major features: enhancement of n and finite V(1. = 0) in the response, which cannot be found in the
Shapiro response of JJs with no SDE. Our numerical calculation based on the RSJ model with the
current phase relation of the coupled JJ reproduces the two major features. The anomalous response
can be attributed to the phase particle dynamics in the skewed washboard potential of the JJs with SDE.
The demonstrated method and underlying physics are applicable to SDE in various JJ devices. It is
noted that this method decreases the critical current while the SDE efficiency increases. Therefore, it
would not be a great solution to realize rectifiers useful in SC circuits but our results contribute to
establishing the fundamental physics of dynamics in SDE systems.

Appendix
1. Sample growth, device fabrication, and measurement setup

The wafer has been grown on a semi-insulating InP substrate by molecular beam epitaxy. The stack
materials from the bottom to top are a 100 nm Ino.s2Alo.48As buffer, a 5 period 2.5 nm Ino53Gao.47As/2.5
nm Ings2Alo.48As superlattice, a 1um thick metamorphic graded buffer stepped from Ings2Alo.48As to
Ino.8sAlo.16AS, @ 33 nm graded Ing.gsAlo.16AS to Ino.g1Alo.19AS layer, a 25 nm Ing.s1Alo.19As layer, a 4 nm
Ino.81Gao.19AS lower barrier, a 5 nm InAs quantum well, a 10 nm Inpg1Gao.19AS top barrier, two
monolayers of GaAs and finally an 8.7 nm layer of epitaxial Al. The top Al layer has been grown in
the same chamber without breaking the vacuum. A two-dimensional electron gas (2DEG) is
accumulated in the InAs quantum well layer.

In the fabrication process, we have performed wet etching of the unnecessary epitaxial Aluminum
with a type-D aluminum etchant to form JJs and SC loops with conventional electron beam lithography
techniques.

For the microwave irradiation, we have installed a high-frequency coaxial line in our dilution fridge.
The coaxial line is made of NbTi (coax Co., Ltd). Two attenuators (XMA) have been inserted in the
line. 20 dB, and 5 dB attenuators have been attached on the 4K plate, and 100 mK plate in our fridge,
respectively. We have injected the rf power from our signal generator (Anapico APSIN20G). We note
that 10 mK of our base temperature does not mean 10 mK of the electron temperature.

2. Device structure

An optical image of our device is indicated in Fig. 5(a). The SC loop consists of JJ2 and the SC leads
with 600 nm width. The loop is described with the dashed rectangular in Fig. 5(a). The SC loop area S is
11.4 um?. The expected period of the critical current oscillation is calculated as 2rBS/®, = 0.18 mT.
Our observed period is slightly smaller than the expected value likely due to the effect of flux focusing or
the wider loop area than the design due to the side etching in the Aluminum wet etching process. JJ1 and
JJ2 are both fabricated with 1.6 um width and 80 nm junction length. The shared SC lead has a 160 nm
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separation between JJ1 and JJ2. The distance is much shorter than the bulk coherence length of Aluminum
(~1 pum).

3. The I —V curves obtained with the different I4. sweep directions

The I — V curves can hold hysteresis to the current sweep direction when there is a parallel capacitance
in addition to the RSJ model (namely, when we consider the resistively and capacitively shunted model).
In this case, 1., (I.-) should be defined from the I — V curve with the positive (negative) sweep direction.
Then it is necessary to confirm if the hysteresis is observed in our measurement setup or not.

Figure 5(b) represents the I —V curves obtained with f = 2.5 GHz in =5 <P < —-20 dBm at B =
—0.054 mT. The circles and lines with the same colors are obtained with the positive and negative current
sweeps at the same P, respectively. The circles and lines obtained at the same P are highlighted with the
same colors. Then hysteresis can appear when the circles and lines with the same colors are compared. In
the results, the difference between circles and lines is less compared to the data resolution. Namely, the
hysteresis is ignorable, meaning that JJ1 is highly overdamped and it is justified to use the RSJ model instead
of the RCSJ model for the numerical calculation to reproduce our experimental results.

4. V(I4. = 0) as a function of P and B

To verify that the finite V (I, = 0) depends on the current phase relation modulated from the JJ2 phase
difference, we measured the V(I;. = 0) as a function of P in —0.09 < B < 0.09 mT at f = 2.5 GHz.
Figure 5(c) indicates the obtained V (I;. = 0). V(I = 0) becomes significant above the noise of V' in the
range of 5 < P < 10 dBm. Importantly, the sign of V(I;. = 0) becomes opposite around B =
—0.066 mT and 0 mT. These points correspond to the time-reversal symmetric conditions that SDE has
not been observed at 0 or  of the JJ2 phase difference. This result means that the finite VV(I;. = 0) is one
of the features in the dynamics observed in SDE device. This supports our conclusion that the observed
Shapiro response discussed in the main text is derived from the JJ1 current phase relation modulated by
JJ2 through Andreev molecules.

5. Numerical calculation of the current phase relation
We performed the numerical calculation based on the RSJ model as discussed in the main text. The
calculation is based on the normalized RSJ model with T = 2eRI.t/h as

dp I (p) Iz 1
d—f + SCI:b = ILCC + Iiccsm 2nf 2eRI T
Here I.. is the critical current. I;.(¢) is calculated from the two-dimensional current phase relation,
I;.(¢, @) of the coupled JJs calculated from the tight-binding model studied in our previous
reports(35, 65). For the calculation in Figs. 3(a) and (b), the current phase relations of the JJs in the RSJ
model are given as I;.(¢, ¢ = 0.97) and I;.(¢p, ¢ = —0.97), which are shown in Fig.3(c). We

performed the calculations with RI, = 30 pV and f = 2.5 GHz.
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6. Reproducibility in a different device

We checked the data reproducibility with a different device B. To confirm the reproducibility, we
fabricated the device with a slightly different structure from the device discussed in the main text. The
structure of the device B is depicted in Fig. 6(a). JJ1 and JJ2 are fabricated with 1.2 um width and 70 nm
junction length. The shared SC lead has a 160 nm separation between JJ1 and JJ2.

We put two gate electrodes on JJ1 and JJ2 for local control of the JJs and other gate electrodes (G;geg) to
deplete electrons in the InAs quantum well other than the JJs. For the below experiments, we always apply
-4V on the gate G,qee. FOr the measurement, we used a different dilution refrigerator and electronics.
Especially, we used a small local superconducting solenoid coil to induce the magnetic flux in the SC loop
to control the phase difference of JJ2 (we used an SC magnet in the main text).

Figure 6(c) indicates SDE observed in device B. In this device and setup, hysteresis is observed in the
I — V traces due to the underdamped behavior. Then we define the positive and negative switching
currents, I, and I, _, from the traces obtained with the current sweep from negative to positive and vice
versa, respectively. The positive and negative retrap currents, I, and I,._, are also evaluated from the
traces with the negative and positive sweep of the bias current, respectively. SDE which is dependent on
the phase difference of JJ2 controlled by the voltage on the solenoid coil, V.,;; is observed as expected
from the coherent coupling between two JJs.

The Shapiro responses of SDE at V,,,;; = -1.27 and -0.46 V are studied. The microwave of f = 3 GHz is
irradiated for the Shapiro response measurements. The observed V as a function of I and P at V,,;; = -1.27
V(-0.46 V) with the different current sweep directions are exhibited in Figs. 7(a) and (c) ((b) and (d)).
From the results, the evaluated SC diode efficiency 7 as a function of P at both V;; values is shown in
Fig. 8(a) with the solid curves. n(I,. = 0) and a obtained by the numerical fitting are represented in Fig.
8(b). We note that no error bar for a=0 on V,,;; = —0.94 V indicates that the bar exceeds the plot
bounds. At this condition, n vs. P does not change rapidly and so a is ineffective in the fitting. As
expected, the obtained n(I,. = 0) as a function of V; follows the trend of the SDE with no microwave
irradiation in Fig. 6(c). The obtained a in Fig. 8(b) increases as V,;; changes to reduce |/, | except for
Veoit = —1 V where the SDE vanishes. This derives from a o (|Igy4+(Ize = 0)| + [Igw— Iz = 0)])7 L.
Due to this relation, the smaller |, | produces larger a. Then, this dependency also supports that the
phase particle dynamics in the skewed washboard generates the peculiar Shapiro dynamics including the
SDE efficiency enhancement.

7. Difference between device A and device B

Since our device includes the SC loop, one can imagine that the bias current in the SC loop in device A can
produce the SDE and the observed SDE is not related to the AMS. To confirm that our SDE originates from
the AMS, we consider the structures of device A and device B. We observed the SDE also in device B
whose structure differs slightly from that of device A. In device A, discussed in the main manuscript,
the bias current induced from the upper SC electrode in Fig.1(b) flows through JJ1 to the GND

connected to the lower part of the SC loop. In this case, the trivial contribution from the SC loop

9
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inductance including the phase shift of JJ2 by the bias current should be considered, as you pointed
out. On the other hand, in device B (Fig. 6(a)), the bias current is induced from the upper SC electrode,
with the GND connected to the center electrode. We described the device structures in Fig. 6(b). In
this configuration, the bias current does not flow through JJ2 and the SC loop. Additionally, we have
studied another device in which the position of JJ2 is shifted to make 1 pm of a distance between JJ1
and JJ2 in Fig. S13 of our previous paper(35). If the bias current in the SC loop were responsible for
the SDE, we could expect the finite SDE in the data. However, in the device, no SDE is observed.
Then the bias current in the SC loop is eliminated as the source of the observed SDE. Only the coherent
coupling of JJ1 and JJ2 can affect JJ2 because the bias current in JJ1 changes ¢, modifying the
supercurrent and ¢ in JJ2 through the AMS. In device B, we observed the SDE and the same features
in the Shapiro response. Then we conclude that we demonstrated the Shapiro response of the SDE
from the AMS.

8. Critical current in the shared SC lead

We measured the I — V trace of the JJ device consisting of the 1 um-width SC lead on the same Al/InAs
quantum well with the larger bias current range as shown in Fig. 9. A small jump occurs at I4. = 0.6 mA
corresponding to the critical current in our SC leads of the loop. Since the width of this loop is 1 um, the
critical current of the shared SC lead whose width is 160 nm can be estimated as around 0.1 mA. This is
sufficiently large compared with the bias current used in our experiment discussed in the main text

(~0.6 pA). Then we ignore the screening current effect in the shared SC lead because the screening current
should be smaller than the critical current of JJ2 which is comparable with that in JJ1.
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Fig. 1. (a) is an electrical circuit for the resistively shunted junction model. (b) is a schematic image
of our device structure and measurement setup. The blue and grey regions indicate the quantum well
wafer surfaces with and without Aluminum thin film. (c) shows I — V traces at B =
—0.078,—0.066, and —0.054 mT with no irradiation with blue, green, and red curves, respectively.
(d) represents I.., and I._ in the absolute value as a function of B with red and blue curves,
respectively. (e) indicates I — V traces at B = —0.066 mT with the microwave irradiation of f =
2.5 GHz at several P in -5dBm< P < 7.5 dBm. (f) is V/ as a function of I;, and P. The image plot is
almost symmetric to I;. = 0 nA.
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Fig. 2. (a) and (b) indicate I — V traces at f = 2.5 GHzin —=5dBm < P < 7.5dBm at B = —0.078
and -0.054 mT, respectively. The darker blue curves are obtained at smaller P. V (I;. = 0) becomes
finite at P = 7.5 dBm as arrowed. (c) and (d) show image plots of V as a function of I;. and P at

B = —0.078 and -0.054 mT, respectively. The images are asymmetric to I;. = 0 nA. The red region
in (c) and the blue region in (d) penetrates the negative and positive I;. regime in the vicinity of P =
7.5 dBm, respectively. (e) shows evaluated 5 as a function of P at B = —0.078 and —0.054 mT with
blue and red circles, respectively. The solid curves indicate the fitting results.
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Fig. 3. The numerical results of V as a function of I;. and P with ¢ = 0.9 and —0.97 are shown in
(a) and (b), respectively. (c) represents the current phase relation of JJ1 as a function of ¢ at ¢ =
+0.97, which is used for (a) and (b). The green curve indicates the current phase relation at ¢ = 7.
(d) indicates n evaluated from the results. (e) exhibits the potential landscape of U(¢) for the JJ
without and with SDE, U(¢) — I,.¢ with SDE, and U(¢) + I,.¢ with SDE represented by the
dashed black, solid green, red, and blue curves, respectively. U(¢) with SDE is calculated from the
current phase relation of JJ1 at ¢ = —0.97. The image corresponds to the situation of |I._| < I, <
I.,. The phase particle rolls the blue landscape to the negative ¢ direction while it does not go out of
the valley in the red case.

20



27,
Vo

_V0
2

Idc (“A)

i 1

-0.4 -0.2 0.0 0.2 0.4 -0.6 -0.4 -0.2 0.0 0.2 0.4 0.6 i
ldc (p'A) Idc (}JA)
@ 10
O Experimentally obtained 7 at B=-0.054 mT
(0.5 — The fitting result for 5 at 8=-0.054 mT o q
o Go°
=00} »
05+

O Experimentally obtained 5 at 8=-0.078 mT
—— The fitting result for 5 at B=-0.078 mT
-lou | | 1 1 L2

-10 9 R & 6 5
P (dBm)

584

585

586  Fig. 4. (a) and (b) show I — V tracesat f = 4.0 GHzin —10dBm < P < —3.0dBm at B = —0.078
587 and -0.054 mT, respectively. (c) and (d) represent image plots of V as a function of I;. and P at B =
588 —0.078 and -0.054 mT, respectively. (e) is evaluated n as a function of P at B = —0.078 and

589  —0.054 mT with blue and red circles, respectively. The solid curves indicate the fitting results.
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Fig. 5: (a) An optical image of the device. The white and gray regions are the Aluminum electrodes and the naked
InAs well, respectively. The dark gray regions were deeply etched to form the mesa. (b) The obtained V as a function
of I.in =5 < P < 20 dBm. The circles and lines with the same colors represent the results obtained with the positive
and negative current sweep, respectively. There is little difference between the circles and lines, meaning ignorable
hysteresis in the I — V traces. (c) V at I ;. = 0 as a function of P and B at f = 2.5 GHz. The finite voltage appears
when the phase difference of JJ2 is away from ¢ = 0, .
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620  Fig. 6: (a) A schematic image of device B. We depleted the carriers in the two dimensional electron gas other than
621  the Josephson junctions by using a gate (Gadeg). (b) Schematic diagrams of device A and device B. In the configuration
622  of device A, the bias current flows in the SC loop while the current does not flow in the loop in the device B case.
623  (c) Observed I, . and I, _ asa function of the magnetic flux in the SC loop controlled by V ;. The retrap currents,
624 I, and I,._ are also exhibited.
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661  Fig. 7: (a) and (c) represent V as a function of P and I 4. at V,; = —1.27 VV with f = 3 GHz with the current sweep
662  direction along the black arrows. (b) and (d) represent V as a function of P and I ;. at V.,; = —0.46 V with f = 3
663  GHz with the current sweep direction along the black arrows.

664
665
1 02 . 8
0.15 §§§§§§§
05 0.1 } § ' °
0.05 o } &
¢ 2 4
‘ il 0 P { []
= i [ ] =i
= o® -] ®oe
PR AL Py 3t °e
0.1
. i { } i ) o ]
$5g0"
"3 25 20 15 -10 5 %2 15 - 05 o
Vit (V)

P (dBm)
666  Fig. 8: (a) The curves are the evaluated n from the experimental dataat V,; = —0.1, —0.3, —0.5, —0.8, —1.0,
667 —1.3, —1.5, —1.8, —2.0V as a function of P. (b) n(I,. = 0) and a obtained by the numerical fitting on the
668  curve of n as a function of P.
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681  Fig. 9: The obtained I — V trace of the JJ device with 1 um-width SC lead.
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