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The scaling exponent g of the quasiparticle propagator for incompressible fractional quantum Hall
states in the Laughlin sequence is expected to be robust against perturbations that do not close the
gap. Here we probe the topological robustness of the chiral Luttinger liquid at the boundary of the
v = 1/3 state by measuring the tunneling conductance between counterpropagating edge modes as
a function of quantum point contact transmission. We demonstrate that for transmission ¢ > 0.7
the tunneling conductance is well-described by the first two terms of a perturbative series expansion
corresponding to g = 1/3. We further demonstrate that the measured scaling exponent is robustly
pinned to g = 1/3 across the plateau, only deviating as the bulk state becomes compressible.
Finally we examine the impact of weak disorder on the scaling exponent, finding it insensitive.
These measurements firmly establish the topological robustness of anyon tunneling at v = 1/3 and
substantiate the chiral Luttinger liquid description of the edge mode.

The edge modes circulating at the boundary of a frac-
tional quantum Hall effect (FQHE) state are described
by chiral Luttinger liquid theory which encodes the cor-
respondence to the underlying topological order in the
bulk [1, 2]. For Laughlin states at filling fraction v =
1/m, the scaling exponent is given by g = v for tunneling
of fractionally charged quasiparticles (anyons) [1, 3-12].
Experimentally, the scaling exponent can be extracted
from analysis of the tunneling conductance across a quan-
tum point contact (QPC) [13-19] or by examination of
current fluctuations (noise) at the thermal-to-shot noise
crossover [20]. When combined with measurements of the
effective anyon charge e* and the anyonic statistical angle
0., determination of g completely specifies the topologi-
cal order of the ground state responsible for quantization
in the bulk, connecting the physics at the edge to the
properties of the bulk quantum Hall state.

The edge mode at v = 1/3 was first described as a
chiral Luttinger liquid (CLL) by Wen [1]; the tunneling
conductance between counterpropagating modes at weak
backscattering was derived using perturbation theory [3].
Following these theoretical advances, several experimen-
tal attempts were undertaken to test the predicted scal-
ing behavior for quasiparticle tunneling. These early ex-
periments resulted in significant discrepancies with the
predictions for the chiral Luttinger liquid, both qualita-
tively and quantitatively [13-17, 21]. It is possible that
these discrepancies were due in part to edge reconstruc-
tion due to the combination of soft confinement poten-
tial and disorder [22, 23]. Additional experiments were
also in contradiction with theoretical expectations. For
example, experiments using cleaved edge overgrowth het-
erostructures [24-26] investigated tunneling of electrons
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from a 3D gas tunnel-coupled to a fractional quantum
Hall edge. The authors of this work studied the filling
factor dependence of the scaling exponent, but found that
g varied continuously across the v = 1/3 plateau whereas
quantization within the plateau is expected from theory.

In a recent experiment using an AlGaAs/GaAs het-
erostructure designed to have sharp confinement [18], we
demonstrated scaling behavior for tunneling of anyons
in a QPC for v = 1/3. The tunneling conductance, both
qualitatively and quantitatively, exhibited scaling behav-
ior consistent with chiral Luttinger liquid predictions. A
recent experiment utilizing a graphene device saw similar
success in demonstrating consistent CLL behavior for the
tunneling of electrons between v = 1 and v = 1/3 edge
modes [19].

Here we report on experiments designed to probe the
topological robustness of the chiral Luttinger liquid scal-
ing exponent at v = 1/3. We present a detailed study of
the tunneling conductance as a function of QPC trans-
mission. Our analysis establishes the range of transmis-
sion over which g = 1/3 and perturbative calculations in
the weak backscattering limit quantitatively account for
the measured tunneling conductance. We further demon-
strate that the scaling exponent remains quantized to
g = 1/3 throughout the incompressible region of the
v = 1/3 plateau, only deviating as the bulk becomes
compressible. Finally we examine the impact of weak
disorder within the QPC on the tunneling conductance.
We demonstrate that the observed chiral Luttinger lig-
uid behavior does not depend sensitively on the pres-
ence of non-monotonic features in the zero-bias QPC con-
ductance associated with weak mesoscopic fluctuations.
Collectively our measurements and analysis firmly estab-
lish the topological robustness of anyon tunneling at the
v =1/3 edge and give strong evidence for the validity of
the chiral Luttinger liquid model of edge mode dynamics
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FIG. 1. (a) False color scanning electron microscope image of a device similar to the one measured in this experiment including
a schematic of the measurement circuit. The QPC used for tunneling experiments is highlighted in orange and the helper gate
is highlighted in green. The red lines show circulation of the chiral edge modes. The solid line corresponds to the edge mode
equilibrated with the source contact and carries the non-equilibrium current. Dashed lines are edge modes equilibrated with
the drain contacts and the dotted line corresponds to the tunneling current across the QPC. S, D; and D, are the source and
drain contacts. (b) Simultaneous measurement of the Hall resistance across the bulk (R,,) and across the QPC (Rp) as a
function of magnetic field at a mixing chamber temperature of Tyc = 10mK. The QPC is biased just past depletion to define

the current path while still fully transmitting the edge modes. The filling fraction in the QPC is the same as in the bulk.

in the fractional quantum Hall regime.

The device measured in this experiment consists of a
QPC that is an element of a Fabry-Pérot interferometer
[27-31]. This device is distinct from the one examined
in [18]; it is characterized by an electron density of n =
0.95x 10* ¢cm~2 and a mobility of 4 = 7.5 x 10 cm? /Vs
in the fully fabricated device configuration. The screen-
ing well heterostructure employed here provides a sharp
confinement potential at the QPC; this crucial feature is
evidently necessary to observe universal chiral Luttinger
liquid behavior. To prevent parallel conduction through
the screening wells, we use top and bottom gates to lo-
cally deplete the screening wells near the ohmic contacts
while the principal quantum well remains galvanically
connected to the ohmic leads [32]. Fig. la is a false-color
scanning electron microscopy image of a device similar to
the one measured in this experiment with a schematic of
the measurement circuit. Although this device geometry
is used to define a Fabry-Pérot interferometer [33], we
only use the QPC highlighted in orange for our tunnel-
ing conductance measurements. We also utilize a helper
gate, highlighted in green in the Fig. la, to locally tune
the potential within the QPC. All other fine gates are
held at ground potential. The QPC opening is 300 nm
while the plunger gates are 800 nm apart. We use stan-
dard lock-in techniques with AC excitation of 5 4V and a
frequency of 7 Hz. The measurement circuit contains two
drain contacts, D; and D, to measure both the trans-
mitted current, I, and the tunneling current, It,,. Drain
contacts are connected to room temperature current am-
plifiers through cold low-pass RC filters with a resistance
1.2 k) and capacitance 10 nF.

The differential conductance is defined as G =

g—{, Ve and the tunneling conductance is defined as
Gy = Fig. 1b displays the magnetotransport

oV Vsp~
through the device. We measure the bulk Hall resistance

R,y and the diagonal resistance Rp across the QPC si-
multaneously. The QPC is biased just past the depletion
point of the main quantum well with Vgpc = —0.1V.
R, and Rp overlap on all integer plateaus and the pri-
mary fractional states including v = 1/3, indicating the
filling factor in the QPC is the same as in the bulk.

Tunneling at the QPC is mediated by anyons in the
weak backscattering regime. The weak backscattering
regime is defined as Gy < 04y [3, 5]. The tunneling
conductance in the weak backscattering limit to lowest
order in perturbation theory [1, 3] is given by:

2g—2
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where T is the electron temperature, Ty is an effective
temperature scale that quantifies the tunnel coupling be-
tween edge modes and Vgp is the source-drain bias. e*

is the fractional charge of the quasiparticles and g is the
scaling exponent. The function Fy(x) is given by

(1)

Fy(z) =B (g tit g— ii) cosh(z/2)  (2)
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here B is the beta function and v is the digamma func-
tion. The tunneling conductance is a universal function
of T/Ty and e*Vsp/kpT. This universal scaling behav-
ior for anyons was first experimentally demonstrated in
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FIG. 2. (a) Tunneling conductance versus transmission ¢ as the QPC transmission is varied from ¢ = 0.99 to ¢ = 0.65. The
magnetic field is fixed at the center of the v = 1/3 plateau and the electron temperature is fixed at Te = 0.39 mK as measured
via Coulomb blockade thermometry. The color bar indicates the range of transmission through the QPC. (b) Tunneling
conductance at ¢ = 0.83,0.73, and 0.67 plotted along with fits to G). The plots are staggered by 50 uV for clarity. G
accurately captures the data at high transmission but begins to deviate below ¢ =~ 0.8 as indicated by the dashed and dotted
lines. (c) Difference between the data and fit to G from ¢ = 0.81 to t = 0.67. g = 1/3 while Ty is the only free fitting
parameter. AG; ~ 0 for t > 0.8 but increases in magnitude for lower transmissions. (d) AG; scaled by (Ty/27xT)**~* plotted
versus ¢"Vgp/kpT for t = 0.81 to t = 0.67. The scaled data collapses onto a single curve, signaling that the deviations from
the lowest order approximation to the tunneling conductance are described by a universal function of e*Vsp/kgT. The black
line displays the next order perturbative contribution to the tunneling conductance, K4(e*Vsp/kpT), multiplied by a constant.
Ky(e"Vsp/kpT) accurately captures the functional dependence of the collapse. (e) Tunneling conductance at ¢t = 0.83,0.73,
and 0.67 plotted with fits to G®. The plots are staggered by 50 uV for clarity. Fitting to G® more accurately captures the
data over the full range of transmission and source-drain bias explored here. (f) Residual sum of squares (RSS) for fits to G*)
and G plotted as a function of transmission. The RSS is equal for both functions at high transmission while G®) performs
significantly better as the transmission is lowered.

[18] for specific values of magnetic field and QPC trans-
mission. Here we establish the QPC transmission range
over which the tunneling conductance yields a scaling ex-
ponent quantized to g = 1/3 when analyzed within the
framework of perturbative calculations.

Fig. 2a shows the tunneling conductance measured at
many distinct values of QPC transmission. The electron
temperature is fixed at T, = 39 mK and the transmission
varies from ¢t = 0.99 to t = 0.65. The electron temper-
ature is measured in operando using Coulomb blockade
thermometry [18]. We fit the tunneling conductance to
the lowest order approximation (1) with g = 1/3 and with
Tp as the only free parameter (see the Supplementary In-
formation for the evolution of Ty as a function of ¢). The
anyon charge e* = e/3 is determined independently by
operating the full Fabry-Pérot interferometer. Represen-
tative fits at transmission values of ¢ = 0.83,0.73, and
0.67 are shown in Fig. 2b. The fits accurately replicated
the data at high transmission but begin to deviate below

t =~ 0.8, as seen most clearly for the data set at ¢ = 0.67.
The difference between the data and the fit, defined as
AG; = Gy — GW is plotted in Fig. 2c. We observe
that AG; ~ 0 up to t =~ 0.8, indicating that the data
is well described by the lowest order approximation to
the tunneling conductance. At fixed temperature, lower
transmission corresponds to a stronger edge coupling and
consequently higher rate of quasiparticle tunneling. The
observed deviations of the lowest order approximation
when compared to the measured data may be attributed
to the need to include next order perturbative corrections
to the tunneling conductance.

To systematically analyze the deviations between the
data and the lowest order perturbative expression for the
tunneling conductance, we first rescale AG; by a factor
expected from the next order in a perturbative series in
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Here we examine data from ¢ = 0.81 to ¢ = 0.67, where
AG; is non-zero. When AG; is plotted as a function of
e*Vsp/kpT, as shown in Fig. 2d, we observe that the
data collapse onto a single functional form. This result
indicates that the deviations from the lowest order ap-
proximation for the tunneling conductance are described
by a universal function of e*Vgp/kpT that multiplies the
next order term in powers of (T'/Tp)%92.
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FIG. 3. g extracted from fitting the tunneling conductance to
G plotted as a function of magnetic field across the v = 1/3
plateau. The magnetic field is varied over a range of 1T
while the QPC transmission is fixed at ¢ = 0.93. The vertical
dotted lines correspond to the boundaries of the region where
g is constant. The inset shows the Hall resistances (Ryy and
Rp) around the v = 1/3 plateau with the translucent box
highlighting the region where the tunneling conductance was
measured.

The tunneling conductance including the next order
correction is given by

27T 29—2 7 e*Vsp
(7) =(%r)
2T\ [eVsp
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where the function K, (x) is computed following Refs. [34,
35] and presented in detail in the Supplementary Infor-
mation. The scaling function K,(z) captures the line
shape of the collapsed data, AGy, when it is rescaled by a
factor of 0.5 and offset vertically by 0.001 e?/h, as shown
in Fig. 2d. This observation further indicates that next
order corrections included in G®) account for the devia-
tions of the measured data from G). The rescaling of

K () is included through our inclusion of the parameter
oy in the expression for G®.
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Next we directly compare the data with the functional
form of G® for t = 0.83,0.73, and 0.67. We fix g = 1/3
and oy = 4¢g® ~ 0.44 for all fits, while T, is a fitting
parameter. These fits are plotted in Fig. 2e. Evidently,
G® better reproduces the exact functional form of the
data throughout the range of transmission and Vsp stud-
ied here. Fig. 2f compares the residual sum of squares
(RSS) generated by fitting to G and G as a func-
tion of transmission. Although the RSS are equivalent
for both functions at high transmission, fits to G®) are
significantly better as the transmission is reduced below
t = 0.8. This clearly demonstrates that by lowering ¢
we are leaving the weak backscattering regime and that
the inclusion of the next order correction is necessary to
capture detailed features in the data.

We study the magnetic field dependence of the ex-
tracted tunneling exponent across the v = 1/3 plateau.
We focus on the regime of weak backscattering with
t = 0.93 where the GV is expected to be a good approx-
imation to the tunneling conductance. Fig. 3 displays g
extracted by fitting the tunneling conductance to equa-
tion (1) at several values of magnetic field. The trans-
mission at all points is fixed to t = 0.93. It is important
to note that g is not fixed to g = 1/3 but is extracted
from the fit for these data sets investigating the mag-
netic field dependence of anyon tunneling using the same
approach as used in Ref. [18]. The inset highlights the
region on the plateau over which we measure the tunnel-
ing conductance. We find that g remains constant over a
range of B ~ 1T before it begins to deviate. Outside of
this range, the quantum Hall state starts to become com-
pressible, consistent with the observed deviation in the
extracted value of g. The average value of g within the
incompressible region is g = 0.333 £ 0.001, in excellent
agreement with the theoretical expectation of g = 1/3.
This data demonstrates the preservation of quantization
of g within the v = 1/3 incompressible quantum Hall
state, consistent with the theory of the chiral Luttinger
liquid.

Finally, we study the impact of mesoscopic disorder
within the QPC, as reflected in non-monotonic features
in the linear conductance of the QPC immediately prior
to pinch-off, on the tunneling conductance and scaling
exponent. Fig. 4a shows the zero bias conductance of
the QPC where we have intentionally used the helper
gate to accentuate non-monotonic behavior. We apply a
voltage of 100mV for the measurements shown in Fig. 4.
As we vary the QPC voltage while keeping the helper
gate fixed at 100 mV, the linear conductance is quan-
tized to €2 /3h over most of the voltage range before show-
ing a steep drop to zero. Immediately before pinch off,
non-monotonic behavior is evident in the conductance.
The tunneling conductance is measured at four different
Vopc points, all of which yield transmission of ¢ = 0.91
as indicated by the orange, blue, magenta and green dots
in Fig. 4a. The tunneling conductance data and fits are
shown in Fig. 4b. We observe that the scaling exponent
remains close to g = 1/3 at all of these points. The ap-
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FIG. 4. (a) Zero bias QPC conductance at v = 1/3 with 100 mV applied to the helper gate. The zero bias conductance is
quantized to e? /3h over most of the voltage range and displays a sharp pinch-off. Non-monotonic behavior is evident in the
conductance before full pinch-off. The inset highlights these features and the circles display the bias points for the tunneling

conductance data shown in Fig. 4b.

(b) Tunneling conductance measured at 4 different points along the zero-bias QPC

conductance curve. The black lines correspond to the fits to the data. While the voltage applied to the QPC varies, the

transmission at all of these points is ¢ = 0.91.

pearance of weak disorder within the QPC does not ap-
pear to alter the scaling exponent describing the tunnel-
ing of anyons between chiral edge modes. As the v =1/3
bulk fractional quantum Hall state is associated with a
single chiral edge mode, we do not expect weak disorder
to change the scaling exponent [36]. Of course for more
complex states with multimode edges, such v = 2/3 and
v = 2/5, disorder may be expected to alter the edge
modes [37, 38]. Multimode edge states will be explored
in future work.

Our experiments reveal robust chiral Luttinger liquid
behavior for the v = 1/3 fractional quantum Hall edge
mode and demonstrate the relative insensitivity of the
scaling exponent g to perturbations that result in non-
monotonic features in the zero-bias QPC conductance
near pinch-off. This experimental demonstration of
robustness against multiple perturbations substantiates
the chiral Luttinger liquid theory of the fractional
quantum Hall edge mode at v = 1/3 in a manner
not previously possible, and validates the utility of
the scaling exponent g for the identification of topo-

logical order in the bulk. Our analysis of tunneling
conductance beyond lowest-order perturbation reveals
the importance of correlations among anyon tunneling
events as backscattering increases. The robustness of
the chiral Luttinger liquid behavior observed in our
study establishes that edge tunneling experiments — with
sharp edge confinement provided by the screening-well
heterostructure design — can be used in combination
with Fabry-Pérot interferometry to characterize the
topological order of the bulk state.
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CALCULATION OF EXCESS TUNNELING
CURRENT

Our measurement circuit consists of a source contact
where we apply a voltage excitation Vg and two drains,
D, and D, used for measuring the transmitted current
I and tunneling current I, respectively. D; and Do
are connected to room temperature current amplifiers
through cold RC filters with component values 1k{2 and
10nF followed by a 2002 line resistance. In general,
I # Iy, which implies the two drains are not at the
same potential. This causes a current to flow from D; to
D5 even when there is no backscattering from the QPC.
This excess current must be subtracted from the tunnel-
ing current measured at Ds. Calculation of the excess
current using Landauer-Biittiker formalism is shown be-
low. Current conservation implies:

2

e
— Ve =1 1
3n 58 (1)
62
—tls—‘y-thVDl = _IDl (2)
2 2

e
3h
where t is the transmission of the QPC. These equations
are straightforward to solve noting that Vp, = Ip, R and
Vb, = Ip,R, where R = 1.2k} is the sum of the line
and filter resistances. We are interested in Ip,, which is
given by

7t§thD1 - (1 — t)[s + Vp, = —1Ip, (3)

R

Jra-om @
where Ry is the Hall resistance. At v = 1/3,
Ry ~ 77.436kS). The second term is the backscattered
current from the QPC and the first term is the excess
current. Ip, is measured to be 63.6 pA in our circuit.
Substituting these values into (4), for t = 1, gives
Ip, = 0.97pA.

TRANSMISSION DEPENDENCE OF T

Ty, is extracted from the fits to the tunneling conduc-
tance data and is a measure of the coupling of the coun-

terpropagating edge modes across the QPC. Ty is ex-
pected to increase monotonically as the transmission ¢ is
reduced.

To (mK

0.7 0.8 0.9 1.0

FIG. S1. Extracted Ty as a function of transmission ¢ for fits
to G, Ty increases monotonically with decreasing transmis-
sion.

COULOMB BLOCKADE THERMOMETRY

The QPC used for tunneling conductance measure-
ments is part of a Fabry-Pérot interferometer. We op-
erate the interferometer as a quantum dot by putting
the QPCs into the tunneling regime. The zero bias con-
ductance, as shown in Fig. S2a, is then related to the
plunger gate voltage by G o cosh™? (aV, /2kpT.), where
« is the lever arm of the plunger gate to the quantum dot.
The lever arm is extracted from analysis of the Coulomb
diamonds shown in Fig. S2b; here a ~ 14.13meV/V.
We fit the data to extract the electron temperature Te.
In this instance, we extract an electron temperature of

T. = 39 mK.
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FIG. S2. (a) Zero bias conductance as a function of plunger gate voltage in the Coulomb blockade regime. Representative error
bars are shown for some of the points near G = 0. The extracted electron temperature is Te = 39mK. (b) Two-dimensional
color map of conductance through the quantum dot as a function of source-drain bias and plunger gate voltage. The white
dotted lines highlight the approximate range of the Coulomb diamond.

CALCULATION OF THE TUNNELING CONDUCTANCE TO FOURTH ORDER IN THE
QUASIPARTICLE TUNNELING AMPLITUDE

The QPC brings left and right propagating edge modes into close proximity. If the region between the left and
right moving edges contains an FQHE state in which fractional quasiparticles are supported, then quasiparticles can
tunnel between the edges. In contrast, when the FQHE state is completely removed from the region in between the
edges, only integer valued charges, i.e. electrons, can tunnel. The experiments described in this paper are carried out
in a regime of intermediate-to-high transmissions consistent with weak quasiparticle tunneling, in which tunneling is
described by the operator [1, 2]

Hiyn = Deot Wl Wy 4+ Hee, (5)
where

“I/L,R ~ e:Fi\/?NbL,R , (6)

with ¢ r the bosonic fields from the chiral Luttinger liquid theory, g = v, and wy = % The dynamics of these
fields is governed by the Lagrangian:

1
Lrr= 7 0e0LR (FOr —v0z) dL.R (7)
with equal-time commutation relation [¢r r(t, x), ¢ r(t,y)] = Fim sgn(z —y). The charge density along the edges is

given by pr.r = 0.01, R
The full Lagrangian, including both edges and the tunneling term, can be recast as

1

£:87T

[(0:9)? — v*(9:0)?] — TS(x)e™°" €' + H.c. (8)
where ¢ = ¢ + ¢r. Notice that the tunneling term is active only at a single point in space, the origin, as can be read
from the §-function. The tunneling conductance can be computed in perturbation theory in the tunneling amplitude
T', by developing the perturbative expansion of the partition function in terms of a gas of positive and negative
particles (associated with insertions of the vertex operators e™*?) interacting with a two-dimensional (logarithmic)
Coulomb potential that originates from the ¢ correlations due to the free part of the Lagrangian (8). The fugacities
of the positive and negative charges are proportional to the tunneling amplitude and its complex conjugate, I' and
I'*. Charge neutrality forces the powers of I' and I'* to be equal. This expansion can be developed using a Keldysh
contour, to account for the non-equilibrium bias voltage [3]. It can also be related to the partition function of the



boundary sine-Gordon model (the charges are inserted at different times but always at = = 0, because of the §-function,
in contrast to the sine-Gordon model whose counterpart action does not contain the d-function at the origin.) The
partition function for the boundary sine-Gordon model can be expressed in terms of Jack polynomials, as formulated
by Fendley, Lesage, and Saleur in Refs. [4, 5]. The calculation below follows directly their approach in Ref. [5].

The integrals over charge positions can be computed by expanding the integrands in terms of Jack polynomials and
using their orthogonality properties. The calculation can be extended to the non-equilibrium case in which a voltage
bias is applied. Ref. [5] finds a series

Zpsc(Bsa,p) =1+ Z 28sG)*" Ian(p) , (9)

where (pgq)? o [T2(27T)29~Y) and p = 22 7, with T' the temperature, and V' the applied voltage. The coefficients
I5,(p) in this power series (in xpsg) expansion are

1 (mi+gln—i+ 1) T(p+m; +gln—i+1))
Inn(p) = =, 10
2n(P) F(g)2n{ Z }1_-[Fm,—i—l—f—g(n—z))F(p—i—mi+1—|—g(n—z)) (10)
MY,y Mp g 2
with g the scaling exponent and the set m; > mo > --- > m,, a partition of integers according to Young tableaux
with n rows.

The conductance was conjectured in Ref. [4] and checked against Bethe Ansatz results in Refs. [6, 7] to be

= g—ign n :
2 0(V/2T) Ozpsc ZBsa (!L”Bs& —ﬂ)

27T
»Tpsg 0 0 n( Zgsc(TBsa, p) )
2 ap 0xrBsa ZBsG (fBSGa *p)

gV
|4 . TBSG 0 0 Zpsa (xBSG’ 2ng>
G | BSG) 5 5T

v, (11)
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P=t37T

=g+yg

in units of % (We work in units of e = i = 1.)

Here we shall focus on the tunneling conductance G; = g — G up to fourth order in zpgg, so we expand the partition
function to that order:

In Zpsc(epsc,p) = (zBsc)’ Lo(p) + (wpsc)’ Is(p) — & (wsc)’ [L(p)]? + -+ (12)

The conductance is then given by

G, = Ggl) —|—G§2’2) + G§2’4) ’ (13a)
where
Gil) = —24° (xBSG) Re[0pI2(p )] gy (13b)
GED = 4ag? (ams6) Relb )b |y or (13¢)
GPY = _4g? (rpsc)* Re[0pLu(p)] ‘pzi% . (13d)
We proceed to compute the three contributions in each line of the equation above.
To do that, we need
mi + g)'(p+m1 +9)
I =
2(p) )2 Zle-i-l L(p+mi +1)
sin[r(g — p)]
- - B Al WA 22} 14
5- Bla+p.9-p) cos(79) (14)
and
I(my +29)T(p+my+29) T(ma+g)(p+me+g
L) = 422 ) D(ms +9) ) (15)

T(mi+1+g)T(p+mi+1+g)T(me+DI(p+ma+1)

m1=0mo=
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Using these expressions, one can compute each of the corrections Ggl), GE2’2) and G§2’4). The first two can be more
simply computed, and yield

G (x = gV/T) = (zpsc)’ %Fg(x), (16a)
Gz =gVT) = —(stc;)‘lw}Ig(x), (16b)
G (@ =gV/T) = —(zpsc)’ 20°Qq(x), (16¢)
where
Fy(z)=B(g+ 2,9 ) {—2 Im1 (g + ) sinh (g) + 7 cosh (g)} , (16d)
Hy(x) = [B (g + %,g — %)}2 {—2 Im (g + %) sinh(z) + 7 cosh(w)} , (16e)
and
- L(ma +29)T'(p+m1+2g9) T(mz2+g)I'(p+m2+g)
Qq(x) = QRG T(g)* W;O mZ Pmi+1+g)T(p+mi+14+g)T(me+1)I(p+me+1)
X [1/1(29 +my +p) + (g +ma+p) — (L +g+my+p) — V(1 +ma+ p)llp—i £l (16f)

The last expression can be computed numerically by defining a quantity Q4(z; ') in which we truncate the sum over

my to anfl _o- We compute the sum up to A/ = 20000. Then we use the fact that the sum converges as m1_4/3 as
my — 00, to approximate the tail for m; > N.
: (g-1)
Finally, identifying (mBS(;)2 % = (%) , we can write
2(g—1) 4(g—-1) 2
gV T 2nT 2nT tan(mg) 27

For the discussion below, we combine the two contributions to fourth order into a single function K (x) given by

tan(mrg) 272
Ky(z) = - |:92H9($) + gTQg(-T) (17b)
These results yield the formula for G®) used in the main text to compare with the data, namely,
2g—2 X
G(2) 27T g F e VSD
h Ty I\ kpT
4g9—4 *
21T e*Vsp
— K, | —= 1
+%<T0) g<kBT> ’ 18)

where we include a scaling factor o, discussed in the main text.
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